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ABSTRACT 

The  6 j- symbols  are  studied  for  ambivalent  groups  with 
integer  representations.  The  6j-symbols  are  defined  in  terms  of 
3j-symbols,  in  analogy  with  the  usual  definition  for  simply 
reducible  groups. 

Simple  symmetry  relations  are  obtained  for  the  6 j- symbols 
from  the  symmetry  relations  of  the  3j-symbols.  These  6j-symbols 
are  found  to  satisfy  simple  orthogonality  relations.  Also,  relations 
similar  to  the  back-coupling  rule  and  Biedenharn  identity  are 
obtained  for  groups  not  multiplicity  free.  Finally,  four  group 
sums  are  obtained  for  products  of  these  6j-symbols.  Thus,  it  is 
shown  that  most  of  the  properties  of  the  6j-symbols  for  simply 
reducible  groups  have  their  equivalent  for  groups  that  are  not 
multiplicity  free. 
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INTRODUCTION 

The  purpose  of  this  thesis  is  to  study  the  mathematical 
properties  of  certain  group  invariants.  It  is  believed  that  these 
properties  may,  in  the  near  future,  be  of  importance  in  applications 
to  theoretical  nuclear  physics. 

The  6j-symbol  (actually  something  equivalent  to  it)  was 
introduced  in  the  literature  by  Racah  in  1942.  The  group  studied 
in  this  famous  paper^  is  the  rotation  group  in  three  dimensions,  R3 . 
A  few  years  earlier,  Wigner  had  studied  the  interesting  properties 
of  the  3j-  and  6j-symbols  for  simply  reducible  groups.  In  1951, 
Wigner  distributed  a  few  copies  of  a  manuscript^  on  Racah  algebra 
for  simply  reducible  groups.  In  the  foreword  to  this  report  he 
writes:  "Fifty  of  the  sixty-two  pages  of  the  present  note  are 

a  verbatim  copy  of  a  manuscript  that  is  older  than  the  writer  cares 
to  admit."  The  work  that  Wigner  refers  to,  seems  to  have  been  done 
in  the  thirties. 

In  his  Ph.D.  thesis,  W.T.  Sharp^  developed  Racah  algebra  for 
a  group  that  is  compact,  quasi-ambivalent  and  multiplicity  free. 

He  also  discussed,  there,  the  possible  extension  of  Racah  algebra 
to  the  locally  compact  case. 

In  1962,  Hamermesh  in  his  book  on  group  theory^  gives  a 
detailed  discussion  of  the  3j-symbols  for  the  symmetric  group  Sn. 
This  section  of  his  book  is  the  content  of  unpublished  work  of 
Crosbie  and  Hamermesh^  (1956).  The  group  Sn  for  n  )  4  is  not 
multiplicity  free.  However,  the  symmetric  group  has  only  integer 
representations . 
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In  this  thesis,  the  properties  of  the  6j-symbols  are  studied 
for  ambivalent  groups  with  integer  representations  (of  which  Sn  is 
a  special  case) . 

When  this  work  originated,  the  symmetric  group  only,  was  to  be 
considered.  However,  it  turned  out  that  the  main  results  could  also 
be  obtained  for  a  more  general  type  of  group;  i.e.  the  ambivalent 
groups  with  integer  representations. 

In  the  first  chapter  a  brief  review  of  the  theory  of  groups 
is  presented.  This  is  not  meant  to  be  rigorous  nor  complete. 

Rather,  only  the  concepts  which  are  to  be  used  later  in  the  thesis 
are  introduced. 

Most  of  the  second  and  third  chapters  were  taken  from  the  book 
of  M.  Hamermesh,  "Group  Theory".^ 

The  original  part  of  this  work  is  to  be  found  in  the  fourth 
chapter.  There,  the  6j-symbols  are  defined  and  their  properties  are 
studied.  The  results  obtained  for  groups  which  are  not  multiplicity 
free  are  slightly  more  complicated  than  the  corresponding  formulae 
for  simply  reducible  groups.  The  proofs  of  most  of  the  theorems  of 
this  chapter  follow  closely  the  proofs  of  the  equivalent  theorems 
(for  simply  reducible  groups)  to  be  found  in  the  Ph.D.  thesis  of 
W.T.  Sharp^. 


/ 
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CHAPTER  1 

Elements  of  Group  Representation  Theory. 

This  thesis  was  written  with  physicists  in  mind.  Many  of  them 
are  familiar  with  Racah  algebra,  but  some  of  the  results  that  we 

shall  need  for  the  last  two  chapters  are  not  always  well-known. 

This  first  chapter  is  not  an  introduction  to  group  theory.  Rather, 
it  contains  a  series  of  definitions  and  useful  formulae  which  are 
assumed  to  be  known,  but  are  collected  here  for  convenience. 

For  more  details  the  reader  can  refer  to  one  of  the  standard 
textbooks  on  group  theory,  e.g.  "Group  Theory”,  by  M.  Hamermesh.^ 

A  group  G  is  a  set  of  elements  a,b,c,...,  for  which  a  product 
of  two  elements  is  defined,  and  which  satisfies  the  following 
conditions: 

1-  If  a  and  b  are  in  G  then  so  is  ab. 

2-  For  all  a,b,c,  in  G  we  have  (ab)c=a(bc).  We  write  (ab)c  =  a(bc) 

abc . 

3-  There  is  an  element  e  in  G,  called  the  identity  such  that  for  al 
a  in  G,  ae  =  ea  =  a. 

4-  For  each  a  in  G,  there  is  an  element  b  called  its  inverse  such 
that  ab  =  ba  =  e.  We  denote  the  element  b  as  a--*-. 

The  order  of  a  group  is  the  number  of  elements  in  this  group. 

In  this  thesis,  we  shall  restrict  our  attention  to  groups  of  finite 
order.  A  group  is  said  to  be  commutative  or  abelian  if  all  the 
elements  commute  with  one  another. 

Two  elements  a  and  b  in  G  are  said  to  be  conjugate  to  each  othe 
if  there  is  an  element  x  in  G,  such  that  x“-^ax  =  b. 
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A  class  A  is  the  set  of  all  elements  of  G  which  are  conjugate 
to  a  given  element  a.  Clearly,  a  belongs  to  A.  Each  element  of 
the  group  G  belongs  to  one  and  only  one  class.  A  subgroup  H  of  a 
group  G  is  a  group  which  has  all  its  elements  in  G.  The  group  G 
itself  and  the  identity  element  are  said  to  be  the  two  improper 
subgroups  of  G.  All  others,  if  any,  are  said  to  be  proper .  We  say 
that  two  groups  G  and  G1  are  isomorphic  if  there  is  between  their 
elements  a  one-to-one  correspondence  which  preserves  the 
multiplication  law,  i.e.: 

1-  for  each  a  in  G  there  is  one  and  only  one  a’  in  G’  and  conversely 

2-  if  ab  =  c,  then  a*  b*  -  c1  . 

A  homomorphism  also  preserves  the  multiplication  law,  but  now  the 
correspondence  need  not  be  one-to-one  any  more.  Many  elements  in 
G  may  now  correspond  to  the  same  element  in  GT  .  In  other  words, 

G  is  homomorphic  to  G’  if: 

1-  for  each  element  a  in  G  there  is  one  and  only  one  element  a’  in 
G*  ,  and  for  each  element  a*  in  G’  there  corresponds  at  least 
one  element  of  G; 

2-  ab  =  c  implies  a’  b*  =  c*  . 

A  linear  vector  space  L,  is  a  set  of  elements  x,y, . . .  for  which 
an  internal  and  an  external  law  of  composition  are  defined.  L  is  an 
abelian  group  under  the  internal  law,  and  the  operators  for  the 
external  law  are  the  field  of  complex  numbers  a.  More  precisely, 

L  is  a  linear  vector  space  if: 

1-  when  x  and  y  are  in  L  and  a  is  a  complex  number,  then  ax  and 
x+y  *  y  +  x  are  also  in  L; 

2-  (  a  +  b  )  x  =  ax  +  bx  ; 
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3-  (ab)x  -  a(bx)  ; 

4-  lx  =  x  ; 

5-  a(x  +  y)  =  ax  +  ay  ; 

6-  there  is  a  null  vector  0,  such  that  for  all  x  in  L  :  x  +  0  =  x  . 
For  example,  the  set  of  all  n  by  n  matrices  forms  a  linear  vector 
space . 

A  set  of  vectors  x^ ,  X2 , . . . , xn  is  said  to  be  linearly 
independent  if  there  is  no  nontrivial  solution  to  the  equation: 


n 


(1>1) 


i=l 


If  there  is  a  nontrivial  solution,  then  these  vectors  are  said  to  be 
linearly  dependent.  We  say  that  the  dimension  of  L  is  n  when  we  can 
find  n  vectors  which  are  linearly  independent,  while  n+1  vectors  in 
L  are  always  linearly  dependent.  For  example,  the  vector  space 


formed  from  the  set  of  all  n  by  n  matrices  has  dimension  n^.  In 


this  thesis,  we  shall  restrict  our  attention  to  spaces  of  finite 
dimension.  In  the  space  L,  any  set  of  n  linearly  independent  vectors 
is  said  to  form  a  basis  in  L,  and  the  vectors  are  called  the  basis 
vectors .  Consider  a  set  of  operators  defined  everywhere  in  L.  (By 
an  operator  defined  everywhere  in  L,  we  mean  that  to  each  and  every 
vector  x  in  L,  there  corresponds  an  image  vector  x*  in  L  ).  If  these 
operators  have  the  group  structure  (i.e.  they  satisfy  all  the  group 
properties),  we  say  that  they  are  an  operator  group  in  L.  Our 
multiplication  convention  is  such  that  y  =  RSx  means:  y  is  to  be 
obtained  by  letting  S  operate  on  x  first  and  then  R  operate  on  Sx. 
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Consider  an  abstract  group  G.  The  elements  of  G  can  possibly 
be  mapped  on  a  group  of  operators  D(G),  defined  in  the  vector  space 
L,  such  that  D(R)D(S)  =  D(RS).  Then  the  operator  group  D(G)  is  said 
to  be  a  representation  of  the  group  G  in  the  representation  space 
L  over  the  field  of  complex  numbers.  If  the  mapping  is  an  iso¬ 
morphism,  then  the  representation  is  said  to  be  faithful .  If  the 
dimension  of  L  is  n,  then  the  representation  D(G)  is  said  to  be  of 
degree  n.  Once  a  basis  is  chosen  in  L,  the  operators  D(R)  can  be 
described  by  their  representation  matrices. 

Let  the  basis  vectors  be  |i>  and  consider  the  operator  D(R) 
which  represents  the  element  R  of  the  group  G.  The  representation 
matrix  D(R)  in  this  basis  is  defined  by  giving  its  matrix  elements: 
Dij(R)  =  <i  |  D(R)  |  j  )  . 

It  follows  that: 

D(R)  |  i>  =  Dji(R)  |  j>  . 

When  we  have  more  than  one  representation,  we  distinguish 
among  them  by  using  superscripts:  thus  Dij(R)  is  the  ijT th  element 
of  the  matrix  representing  R  in  the  irreducible  representation/^. 

With  each  ordered  pair  of  vectors  x,y  in  L  we  can  associate 
a  complex  number  called  the  scalar  product  of  x  and  y  and  denote 
it  (x,y).  It  is  required  to  satisfy  the  following  conditions: 

1-  (x,y)  =  (y,x)  ; 

2-  ( x, ay)  =  a( x, y)  ; 

3-  (xi+x2,y)  =  (xi,y)  +  (x2,y)  ; 

4-  (x,x)^  0  ,  (equal  sign  only  if  x  =  0)  . 


' 
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An  operator  U  is  said  to  be  unitary  if  (Ux,Uy)  =  (x,y)  for  all 
x  and  y  in  the  space.  In  this  report,  we  shall  restrict  our 
attention  to  unitary  spaces  (i.e.  in  which  a  scalar  product  is 
defined)  and  unitary  operators.  For  finite  groups  there  is  no  loss 
in  generality  in  doing  so. 

There  may  be  a  subspace  L’  of  L  such  that  all  vectors  of  L1  are 
transformed  into  vectors  of  L’  by  an  operator  D.  Then, we  say  that 
LT  is  invariant  under  the  transformation  D.  Suppose  that  LT  is 
invariant  under  all  transformations  D(R)  where  R  is  in  the  group  G, 
then  the  transformations  D1 (R)  induced  in  L’  will  form  a  represen¬ 
tation  of  the  group  G.  In  this  case,  we  say  that  the  representation 
D(G)  is  reducible ,  and  LT  is  said  to  be  an  invariant  subspace  of  L 
under  G.  If  there  is  no  invariant  subspace  in  the  representation 
space,  we  say  that  the  representation  based  on  this  representation 
space  is  irreducible . 

It  can  be  shown  that  for  unitary  representations,  once  an 
invariant  subspace  L]_  of  L  is  found,  the  vectors  which  are  in  L  but 
not  in  L]_  also  form  an  invariant  subspace  of  L.  Then,  L  can  be 
written  as  a  direct  ♦•sum”  of  L]_  and  L2.  We  see  then,  that  the  matrix 
representatives  D(R)  must,  with  suitable  choice  of  basis,  break 
down  to  two  submatrices  along  the  diagonal,  i.e.  will  be  of  the 
form: 


where  D/M(R)  is  a  square  matrix  of  dimension  equal  to  the  dimension 


of  the  space  .  The  matrices  are  of  this  form  because  it  was 
agreed  to  order  the  basis  vectors  in  L  such  that  the  basis  vectors 
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of  L-^  come  first. 

It  must  be  realized  that  in  the  space  L,  many  different  sets 
of  basis  vectors  can  be  chosen.  Since  each  set  of  basis  vectors  is 
linearly  independent,  any  one  set  can  be  expressed  as  a  linear 
combination  of  any  other  set.  The  transformation  from  one  set  to 
another  is  therefore  given  by  a  unitary  (in  the  case  of  unitary 
spaces)  matrix.  The  group  operators  are  unchanged  by  a  basis  trans¬ 
formation.  This  is  clear,  since  the  operators  are  basis  independent, 
However,  their  representation  matrices  are  changed  by  such  a  trans¬ 
formation.  Let  the  transformation  matrix  be  U,  then  the  represen¬ 
tation  matrices  in  the  new  basis  will  be  given  by: 

D'(R)  =  UD(R)U_1.  (1-3) 

The  matrices  Di(G)  also  provide  a  representation  of  the  group  G 
mapped  on  D(G).  Such  sets  of  representation  matrices  are  said  to 
be  equivalent  representations.  They  are  simply  representation 
matrices  of  the  group  operators  expressed  in  different  coordinate 
systems  (different  bases). 

Once  an  invariant  subspace  has  been  found  in  L,  we  have 
seen  that  L2  (the  space  spanned  by  the  vectors  in  L  and  not  in  L]_) 
is  also  invariant  with  respect  to  the  group  operators.  L2  is  called 
the  complement  of  L-^  with  respect  to  L,  and  we  say  that  L  is  the 
direct  sum  o  f  Li  and  L2*  Now,  L]_  can,  in  turn,  have  an  invariant 
subspace  and  then,  Ll  will  be  the  direct  sum  of  this  invariant 
subspace  and  its  complement  with  respect  to  L^_ .  Similarly  for  L2. 
This  process  can  be  repeated  until  none  of  the  subspaces  can  be 
broken  down  any  further.  Then  the  total  space  L  is  written  as  a 
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direct  sum  over  all  these  invariant  subspaces.  We  write  L  -  )  LM, 
where  ©  indicates  a  direct  sum  is  to  be  performed.  After  this  is 
done,  the  basis  in  L  can  be  chosen  such  that  any  basis  vector  is 
completely  in  one  of  the  subspaces,  and  the  basis  vectors  can  be 
ordered  such  that  all  of  those  in  come  first,  those  in  L2  second, 
and  soon.  Then  the  representation  matrices  of  the  group  operators 
in  this  basis  are  of  the  forms 

(  |d\g) 


D(G) 


D(G) 


o 


o 


(1-4) 


D(G) 


where  the  D*(G)  are  the  representation  matrices  for  the  irreducible 
representation  M . 

We  often  write: 


D(G)  =  2^  a„d*(G)  ,  (1-5) 

where  indicates  that  D^G)  may  appear  more  than  once  in  the 
decomposition.  Equation  (1-5)  can  be  interpreted  in  two  ways.  The 
D ( G )  and  the  D^G)  can  refer  simply  to  the  representations  themselves 
and  the  sum  is  a  direct  sum.  The  representations  are  defined  up  to 
an  equivalence,  i.e.  only  inequivalent  representations  are  considerec 
to  be  different.  On  the  other  hand,  in  equ.  (1-5)  we  can  look  at 
the  D(G)  and  the  D^(G)  as  the  matrices  representing  the  represen- 

f 

tations.  The  sum  on  the  right  is  then  illustrated  in  equ.  (1-4). 
However,  in  order  for  this  interpretation  to  be  correct,  the  basis 
must  be  a  very  special  one.  In  most  bases,  the  right-hand  side  of 
equ.  (1-5)  is  only  equivalent  to  the  left-hand  side.  In  such  a  case, 
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we  write: 

D( G)  5a  21*  °^IT(G)  ,  '  ( 1  —  5a ) 

>*• 

where  the  sign  ^  (equivalent  to  )  has  replaced  the  equality  sign 
of  equ.  ( 1-5 ) . 

Let  D^fG)  and  D^(G)  be  two  sets  of  matrices,  each  providing  a 
representation  of  the  group  G.  The  Kronecker  product  of  the  two 
matrices  Dij(R)  and  D^^(R)  is  defined  by: 

DikjUR)  =  [D^(R)  x  D2R)]ik)  =  Dfj(R)DkA(R)  .  (1-6) 

It  is  easy  to  show  that  the  matrices  D'UX'>(R)  provide  a  represen- 
tation  of  the  group  G.  Clearly,  if  the  dimensions  of  the  factor 
representations  are  n^and  n^  ,  the  dimension  of  the  product  repre¬ 
sentation  is 

^vw-x^  ”  n^n^  .  (1-7) 

For  the  case  where M-  ^  ,  the  product  representation 

can  be  reduced  (except  for  the  trivial  case  n^-  1)  into  the  direct 
sum  of  the  symmetric  product  and  the  antisymmetric  product  repre¬ 
sentations.  We  write: 

d/axm  =  [D^xDM]  e  ^D^xD^j  , 
or 

0  d“® 

The  representations  D*"©  and  DM(A)  D  are,  In  general,  reducible 


The  matrices  are  given  by: 


,83 
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D'©D*(R)kMj  =  [D"xD-]U)ij 

=  i[  Dki(R)D^(R)  +  D^(R)D^(R)]  (1-6)' 

and 

D^D^Rlk^ij  =  {d'ixD'*}  t  i  j 

=  i  L  Dki(R)DXj(R)  '  D.Ti(a>Dkj(R>j  •  (1-6)" 

Their  dimensions  are  respectively  Jn^n^+l)  and  gn^  ( n^-1) . 

The  character  of  a  group  element  R  in  a  representation  is 
denoted  byX^R)*  It  is  defined  as  the  trace  of  the  matrix  D^(R). 
Clearly,  the  characters  are  basis  independent  since  : 

Trace  U(DU~'1')  =  Trace  (DU~^)U  -  Trace  D. 

For  the  same  reason  ,  the  character  is  a  class  function  since 
all  elements  of  a  class  are  equivalent  to  one  another.  Thus, 
the  characters  can  also  be  written  as  Xi  >  where  i  denotes  the 
class.  The  concept  of  character  is  important  in  physical  appli¬ 
cations,  mainly  because  the  character  is  an  invariant  (with  respect 
to  basis  transformation). 

In  this  thesis,  we  shall  restrict  our  attention  to  unitary 
representations.  For  finite  groups,  there  is  no  loss  in  general¬ 
ity  in  doing  so  (in  this  case,  any  representation  is  equivalent 
to  a  unitary  representation). 

A  few  important  properties  will  now  be  given  for  characters 
and  representation  matrices.  More  details  can  be  found  in  texts 
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on  the  theory  of  group  representations. 

1-  Orthogonality  of  the  representation  matrices: 

D£(R)DjmlR)  =  /im  ,  (1-8) 

where  g  is  the  order  of  G,  n^  the  dimension  of//,  and  only 
inequivalent  representations  are  considered  to  be  different. 

The  sum  is  to  be  performed  over  all  the  group  elements.  Also: 


4 


(1-8)' 


which  expresses  the  unitarity  of  the  representation  matrices. 

2-  Orthogonality  of  characters.  If  in  equ.(l-S)  we  set 
i  =  X  and  j  =  m  ,  and  then  sum  over  i  and  j  on  each  side 
we  obtain: 


H  =  g  •  d-9) 

R 


A1  so : 


i  ViX'j  =  e/gj  lij 


(1-10) 


where  g  .  is  the  number  of  elements  in  the  class  j  and  the  sum 
J 

is  over  all  inequivalent  representations.  Equ.(l-lO)  is  obtained 
from  equ.(l-9)  and  the  fact  that  the  functions  ]  g^/g 


sobXA' 
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(  ^  and  i  variables)  form  a  unitary  matrix. 

3-  In  the  definition  of  the  Kronecker  product,  i.e.  equ.(l-6), 
if  we  set  i  =  j  and  k  =  JL  and  sum  over  i  and  k,  we  obtain: 


=  xhR)  yhR) 


u-ii) 


If  ,  the  characters  of  the  symmetric  and  antisymmetric 

product  representations  are  obtained  as  above,  but  using  equ.(l-6)t 
and  equ.(l-6)fT  respectively.  The  results  are: 


[X*X(R)]  =  i[(X(R))2  +X(R2)]  , 
[XxX( R)}  =  2  [(X(R)  )2  -X(R2)  ]  • 


(l-ii)' 

(1-11)' 


4-  In  equ.(l-5),  taking  traces  on  each  side,  the  character  of  D(R) 
is  given  by: 


)C  i  ~ 

a- 


(1-12) 


Multiply  equ.(l-12)  by  X^g^  and  sum  over  i.  Then,  use  equ.(l-9) 
and  obtain: 


a-“-  =  x/g  Z-SitiXT 


(1-13) 


-14- 


In  this  thesis,  we  shall  be  concerned  mainly  with  real 
representations,  i.e.  those  for  which  there  is  a  basis,  such  that 
all  the  matrices  are  real.  The  characters  of  a  real  representation 
are  real.  However,  if  the  characters  are  real,  the  representation 
is  not  necessarily  real  (cannot  necessarily  be  brought  to  real  form). 
If  )C(R)  is  real,  we  can  only  conclude  that  each  D(R)  is  equivalent 
to  D( R) ,  and  there  may  be  no  basis  for  which  all  the  D(R)  are  real. 
Finally,  the  characters  may  be  complex.  Thus,  an  irreducible  repre¬ 
sentation  of  a  group  G  falls  in  one  of  three  kinds: 

1-  There  is  a  basis  for  which  all  the  D(R)  are  real. 

2-  Each  D(R)  is  equivalent  to  D( R) ,  but  the  condition  for  type  1 
is  not  met. 

3-  The  characters  are  not  all  real. 

The  representations  of  the  first  and  second  kind  are  the  integer 
and  half-integer  representations  of  Wigner. 

Consider  two  irreducible  representations  /^and  ^  of  a  group  G 
and  form  the  Kronecker  product In  general,  the  product 
representation  is  reducible.  It  can  therefore  be  written  as  a 
direct  sum  of  the  irreducible  representations  of  G,  as  in  equ.(l-5). 
If  is  the  number  of  times  that  cr  is  contained  in  /ax  v>  ,  we 

can  write: 

© 

=  J_  C(/M^cr)  D°" 


D^xD^s 


(1-14) 


' 
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Using  equations  (1-11)  and  (1-13)  we  obtain? 

C(M^)  =  i/g2_Xu(R)  X*5 (R)  IcTrT.  (1-15) 

R 

A  group  G  is  said  to  be  multiplicity  free  if  the  C(/xv?«r)  are  never 
greater  than  one  for  any  choice  of  In  other  words,  when  the 

product  of  any  two  irreducible  representations  is  decomposed,  no 
irreducible  representation  appears  more  than  once,  A  group  G  is 
said  to  be  ambivalent  if  every  element  is  equivalent  to  its  inverse,. 
That  is,  R  and  R~^  are  in  the  same  class  for  all  R  in  G.  A  group 
G  is  simply  reducible  if  it  is  ambivalent  and  multiplicity  free. 

An  abelian  group  is  an  example  of  a  group  -which  is  non-ambi valent 
(except  the  trivial  case  C2XC2X . .  ,xC2 )  <>  For  an  abelian  group, 
every  element  is  in  a  class  by  itself  and  except  for  trivial  cases, 
the  element  and  its  inverse  are  different.  An  example  of  a  group 
which  is  not  multiplicity  free  is  Sc; ;  the  group  of  permutations 
on  5  symbols.  This  group  contains  7  irreducible  representations 
of  degrees  1,4, 5,6, 5,4,  and  1  respectively.  Taking  the  product  of 
the  irreducible  representation  of  degree  6  with  itself,  the  degree 
of  the  product  representation  is  6x6-36,  by  equ,(l-7)o  Now,  even 
if  each  irreducible  representation  is  contained  once  in  the  decom¬ 
position,  the  sum  of  the  dimensions  is  only  l+4+5+6+5+4+l  -  26, 
Clearly,  some  of  the  irreducible  representations  must  appear  more 
than  once  in  this  decomposition  and  S5  is  therefore  not  multiplicity 


free. 
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In  the  theory  of  group  representations  a  special  representation, 
the  regular  representation,  is  used  very  often  to  prove  some 
general  theorems.  It  is  the  faithful  representation  for  which  the 
basis  vectors  are  the  elements  of  the  group.  Consider  the  group 
G  of  order  g  and  let  the  elements  of  G  be  Multiplying 

each  element  of  the  set  from  the  right  by  Sv  permutes  the  elements 
of  the  set  because  of  the  group  structure  of  this  set.  This  can 
be  used  to  define  the  matrix  elements  of  Sn?  .  Let  Sj_S^  =  Sj4 
(i  -  l,...,g);  then,  D-j_^(3g>)  =  6  •  It  Is  easy  to  show  that 

the  D  matrices., thus  defined., form  a  faithful  representation  of  G, 
There  is  only  one  nonzero  value  in  each  row  and  column  of  the  D1  s 
and  this  value  is  1. 

There  seems  to  be  a  misprint  in  the  book  of  Hamermesh.  On 
page  107,  for  read  Sj_S^  =  Sj  . 

In  this  first  chapter,  we  have  introduced  the  basic  concepts 
which  are  to  be  used,  later  in  this  thesis.  A  few  important 
formulae  have  been  collected,  there,  for  convenience.  We  are  now 
in  a  position  to  study  the  properties  of  the  3j-symbols.  This  will 
be  done  in  the  next  chapter  for  ambivalent  groups  with  integer  rep¬ 
resentations. 
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CHAPTER  2 

The  3 3 -Symbols 

In  this  chapter  the  3j-symbols  are  defined  and  some  of  their 
properties  are  discussedo  Most  of  the  content  of  this  chapter  can 
be  found  in  the  book  of  Hamermesh. 

We  have  seen  that  the  representation  of  a  group  G  given  by 
the  Kronecker  product  of  two  irreducible  representations  of  G  can 
be  expressed  as  a  direct  sum  over  the  irreducible  representations 
of  G«  Let  the  two  factor  representations  be M  and  P  and  assume, 
for  the  moment,  that  G  is  simply  reduci.ble0  Now,  choose  a  basis 
in  each  representation  space.  Denote  the  vectors  in  jx  and  $ 
by  X'  ; and  "Y »,  respectively.  We  have,  then: 

DMx;  =  Dif  Xt  ,  (2-1) 

b’  ri  =  dL  Yk  ,  (2-D 


where  a  sum  is  implied  when  two  repeated  roman  indices  appear  in 
a  term  of  an  equation.  This  summing  convention  will  be  used 
throughout  this  thesis.  Defining  the  Kronecker  product  of  two 
matrices  as  in  chapter  1,  and  using  equ,(2-l)  and  equ,(2-l)’ 
we  obtain: 


^  K  m  \  /  9 

p  *  9  ,  /  y. 

y) 

c 

> 

UujU  A  i 

^  K 

(2-2) 


The  vectors  Xj  Yt  (often  called  the  outer  product  of  the  vectors 
Aj  and  i£.  )  are,  therefore,  the  basis  vectors  of  the  product 
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representations.  These  vectors  span  a  space  which  is,  in  general, 
reducible.  In  such  a  case,  the  space  which  they  span  is  a  direct 
sum  of  invariant  subspaces.  In  general,  not  every  basis  vector 
is  completely  in  one  of  the  invariant  spaces.  Then,  the  Kronecker 
product  of  the  matrices  cannot  be  written  in  the  form  of  equ„(l-4). 
However,  a  basis  transformation  can  be  made  by  taking  linear 
combinations  of  the  vectors  XX  Yx  and  the  coefficients  can  be 
chosen  such  that,  in  the  new  basis,  the  matrices  appear  as  in 

C  K  M  ? 

equ.(l-4)o  Let  Js  l  k  be  the  unitary  matrix  which  performs  this 
transformation.  The  new  basis  vectors  are  given  by: 


Now,  if  the  group  G  is  not  simply  reducible,  there  may  be  many  sets 

Zx 

s,  i,e.  there  may  be  more  than  one  inde¬ 
pendent  set  of  functions  which  are  linear  combinations  of  X t  /  k 
and  which  transform  according  to  [)  ,  To  distinguish  among  the 
various  sets  w7e  use  the  index  and  write: 


ZXT),  c  a  ?  y  m  V  ^ 

s  -  J  s  i  k  Al  ik 


(2-4) 


where  A  can  take  on  C(^A)  values.  As  before,  C(^A)  is  the 
number  of  times  that  A  appears  in  the  product  of  M  and  '2  „  The 
vectors  transform  according  to: 


D&  (R)  Z 


s' 


\)(R)  ZT* 


(2-5) 
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We  choose  the  matrices  DMx(R)  to  be  the  same  for  all  xx  and 
simply  write  u(R).  The  coefficients  u  s  i  k  in  equ0(2-4)  are 

ZAt  X 

s  transforms  according  to  equ<>(2~5)0 
They  are  called  the  Clebsch-Gordan  (CoG0)  coefficients  and,  apart 
from  a  numerical  factor,  they  are  the  3 j- symbols  of  Wigner0 
The  unitarity  of  the  C.G0  coefficients  means  that: 


5 


xx  a  ^  ^ 


L  5 


XX  A 

s 


C  x'  t  A' 
V  S' 


M  * 

i  k 


M  j  C  X  x  A  ^ 
i  K  0  s  c  k' 


VtA 


z 


xxa 

s 


dxx' 


S\T> 


b 


V> 

K 


•> 


(2-6) 

(2-7) 

(2-fl) 


We  now  show  that  the  C.Ga  coefficients  can  be  chosen  to  be 
real.  Consider: 


DO uz\x>  *  D»(R)ZXSX> 

-  Xt  V*  . 

On  the  other  hand: 

D ( R)  Z Tk  •  D(RHX;  Yl)  STx  ^  r 

--  dIur'i  5xT  ^  x  Xl  Yt  . 


Since  the  vectors  X ; t  form  a  linearly  independent  set,  we  have: 
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D^(tO  bhm  5 


XX*  m  * 


.s' 


M  J 

i  fe 


(2-9) 


The  representations  we  study  here  are  all  integer  representations 
and  the  D  matrices  are  real*  The  equations  (2-9)  are  therefore 
a  set  of  linear  equations  with  real  coefficients  and  the  C0G0 
coefficients  can  be  chosen  to  be  real0  The  unitarity  of  the 
C«Go  coefficients  becomes  an  orthogonality  relation;  i*e*  in 
equations  (2-6),  (2-7),  and  (2-S)  the  bars  can  be  suppressed*  Using 
the  orthogonality  of  the  C*G*  coefficients  and  equ0(2-9)  we  obtains 


8 


a'  tV  ^ 


7  fx  X  A  JJy  ? 


DTj.  f  R'l  bw  (R)  S 
"  bh  (  R'l  fa  5" 


7 


A 


A' 


S'-tt. 


(2-10) 


b  ^  (  S-0  t)  m  (  R\ 


-  ZL  5^  I&(fO  s5  i  x 


Mb 


/> 

4 

3“ 


V? 
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Using  the  orthogonality  of  the  D  matrices  we  have  from  equ*(2-9)s 


Dt*  ( R'l  b^  (R'l  bOllb 


f-  AX  \  ? 

4)  s  .A 


r  AxX  ^ 

O  -fc  i  k 


(2-12) 


Now  equation  (2-9)  can  be  transformed  by  using  an  orthogonality 
theorem  for  the  D  matrices*  We  state  this  theorem  without  proof* 

It  is  the  equation  number  (3-143)  of  the  book  of  Hamermesh  special¬ 
ized  to  the  case  of  real  representations: 


(ih 


(2-13) 


(The  proof  of  this  theorem  is  based  on  Schur1  s  lemmas,)  We  can  use 
equations  (2-13),  (2-9),  and  the  orthogonality  of  the  C.G,  coeffi¬ 
cients  to  obtain: 


Z  Dts  (  r)  blY  (  fO  Dt  (r) 

R  15 

,  y  c  A  tv  ^  2  ^  ^ 

=  L  J  t  L  k  J  5  j.  X  .  (2-14) 

ta 

It  follows  from  equ,(2-14)  that: 


l/n,  L(5>V 


/*  J  \x 
i  k  ) 


'/<V  L  ( 


A  ? 
t  W 


L 


7  (  Q^x*> 
Z_  l  2)  * 


/a  A  \  k 

L  t  ) 


etc. 


(2-15) 


To  obtain  equ.(2-15),  set  t-s,  i= j ,  k =£  in  equ,(2-14)  and  permute 
the  factors  on  the  left-hand  side.  It  will  prove  useful  to  define 
the  3j-symbol  at  this  stage.  We  define  the  3j-symbols  in  terms  of 
the  C.G,  coefficients: 


(2-16) 


where  n,  is  the  dimension  of  X,  The  script >o  will  be  used  in 
this  chapter.  Later  on,  we  shall  use  another  notation: 


(  AA  \>  X  T  A  )  i  t 


(2-17) 


and  sometimes,  we  shall  even  drop  the  letters  ikt.  This  new 
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notation  will  be  most  useful  in  deriving  theorems  about  the 
6j-symbols.  Appendix  A  gives  a  series  of  useful  formulae,  each 
one  written  in  terms  of  C.G.  coefficients  and  in  terms  of  3j-symbols 
(2nd  notation).  In  terms  of  the  3j-symbols  equ.(2-15)  becomes: 


L  ( A  T  '  :  r  -  L  (A T  i  i 

T/A 

T  (  0  /*  h  \l- 

-  L-  \  A  te  i  t  /  r  etc .  (  2-15 ) T 

x^ 


/ 

We  have  seen  that  the  C.G.  coefficients  could  be  taken  to  be 
real  and  we  have  made  this  choice.  Clearly,  from  equ.(2-15)  the 
C.G,  coefficients  are  only  defined  up  to  a  sign.  From  equ.(2-12), 

m  *?  t 

we  see  that  only  one  choice  of  sign  is  given  for  J  s  ^  x 
fixed  and  s,j, JL  variables).  We  can  see  in  equ.(2-12)  how  the  C.G. 
coefficients  transform  under  a  change  of  basis  in  representation 
space.  By  an  inner  basis  transformation,  we  mean  one  done 
according  to  equation  (2-12).  Notice  that  only  one  value  of  t x 
is  involved  in  this  transformation,  i.e.  the  linear  combinations 
do  not  involve  vectors  from  different  .  We  now  consider  another 

X 

type  of  basis  transformation  which  we  call  outer g 


U 


ZX  x  x 

s 


-  L  Ux^  l 


XXx 

s 


(2-18) 


where  U  is  an  orthogonal  matrix.  An  outer  transformation  keeps  the 
matrices  in  reduced  form  since  the  vectors  Z/J*  (s  variable)  trans- 
form  in  the  same  way  for  any  value  of  T*  .  Thus,  a  linear 
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combination  of  these  vectors  (of  the  type  of  equ  o  (  2-18  )J  also 

r^A 

transforms  in  the  same  way,  i„e,  according  to  U  .  We  see,  then, 


that  the  basis  in  which  the  Kronecker  product  appears  in  reduced 
form  is  only  determined  up  to  an  outer  transformation.  This  can 
be  used  to  impose  symmetry  relations  between  the  C.G,  coefficients. 
This  is  done  by  Hamermesh  and  is  repeated  here  for  convenience. 

In  view  of  the  orthogonality  of  the  D  matrices  equation  (2-9) 
can  be  written  as: 


(2-19) 


and  using  equ,(2-ll)  we  obtain: 


fit  x  ^ 
t  s  A 


(2-20) 


Using  the  orthogonality  of  the  CoG,  coefficients  we  obtain: 


( 2-21 ) 


If  we  let: 


(2-22) 


we  see  that: 
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M  -  M  D4  . 


(2-23) 


From  equation  (2-23)  and  Schur’  s  lemmas  (see  Hamermesh  for  details), 
it  follows  that  M  is  the  null  matrix  if  6  /*-  ,  and  it  is  a 
multiple  of  the  unit  matrix  if  e  =  /4  ,  In  equation  (2-22),  a  sum 
is  implied  over  s  and  jL  ,  so  that  the  matrix  M  can  be  written  as: 

cr  A‘c>  ^  A  *  — — -  (XmW 

O  i  ^  l  U  -t-  si  “  Jnv  ^  o  0 j,t  .  (2-24) 


The  factor  in  the  square  root  is  introduced  to  ensure  that  m  is 
an  orthogonal  matrix.  In  the  superscripts  to  m,  the  letter  0 
is  outside  the  bracket  to  indicate  that  the  third  column  of  the 
C.G.  coefficients  is  unchanged  on  the  left.  The  matrix  m  will, 
in  general,  depend  on  X  , /4,  and  v* . 

After  using  the  orthogonality  of  the  C.G.  coefficients  we 
write  equ,(2-24)  in  terms  of  3j-symbols  as: 


n 

s 


>4  2 


(  X  M  ')  2 

m  tvT 


X  v? 
£  X 


(2-25) 


It  follows  from  equ,(2-25)  and  the  reality  of  the  3j-symbols  that 
the  matrix  m^^/N>  is  a  real  orthogonal  matrix.  It  can  therefore  be 
used  to  perform  an  outer  basis  transformation. 

Another  such  transformation  can  be  found  in  a  similar  way 
except  that,  in  this  case  the  second  column  of  the  C.G,  coefficients 
is  left  unchanged.  Another  matrix  mAyU  is  then  found  and  can  be 
used  to  perform  another  outer  transformation.  Instead  of  equations 


(2-24)  and  (2-25)  we  have: 


c  M 

J  5  x 

*  < 
i  ^ 

'  <£  T  t  >A  X 
)  t  S 

~  J  ^ 

^  ^  6  V  t  *) 

J": 

X\ 

=  ZL 

"C  v 

0 

^XyT)  ^ 

VI;  >*  A 

(2-24)’ 

(2-25)* 


Note  that  the  third  transformation  of  this  type,  i.e.  would 

not  be  independent  of  the  two  considered  here..  These  outer  basis 
transformations  can  now  be  used  to  impose  symmetry  relations  on 
the  3j-symbolSo  We  must  consider  three  cases:  M  , 


2-  ja  -f  X  ,  3  -  >»  =  v>  =  A  . 


1-  Case  for  which  ^  X  f/U, 

Suppose  that  we  are  given  a  basis  and  the  3j-symbols  in  this  basis. 
The  matrix  can  be  used  to  perform  an  outer  basis  transformation 


nn 


m 


v 


(2-26) 


In  view  of  equ.(2-4),  the  3j-symbols  will  transform  according  to: 

-  (k/aW 

m  j  si  =  Z.  ^  jf  %  1  ■  (2-26)' 

Equations  (2-26)  and  (2-26)T  hold  for  all  j  and  for  all  j,s,jt 
respectively.  We  now  have  a  new  basis  as  a  result  of  this  trans¬ 
formation.  Using  equ.(2-25),  we  have  in  this  new  basis: 
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JX  T>  m  J  a  /a  X\  X  7 

5  ^  X  ”  ^  -j,  *  £ 


(2-27) 


_A  second  outer  basis  transformation  can  be  performed  with  the  matrix 
nn^  .  This  transformation  is  independent  of  the  first  one  because 

If  this  transformation  is  used,  then  the  new  3  j- symbols 

satisfy : 


yw  i?  /)  7  T  \  M  ^ 

s  ji  =  ^  X  j  *  ‘  (2-2  B) 


Also,  it  is  irrelevant  whether  we  write  '‘V?  or  Hjt  ^  j  since  M  t  ^ * 
Therefore  we  can  choose  the  3j-symbols  such  that: 


0  XT*  2  *  X  t  X  ^  ^ 

^  ^  X  j  .  (2-29.) 


Since  /U*X+ 2  we  can  also  make: 


J 

/*■  v  X 

ir 

X  2 
s  1 

J?  ^  Tx 

2  X 

1  s  9 

J 

V  Tx 

JL 

/U  X 

j  s 

=  ^  "r 

5  i 

(2-30) 

(2-31) 


2-  Case  for  which  A  XX  r  2. 

In  this  case  the  second  outer  basis  transformation  is  not  inde¬ 
pendent  of  the  first  one.  We  still  use  the  first  transformation 


and  obtain: 
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* 


X  t  >  ax  aa 


* 


4 


-  j 


/A'T  l  X  „M- 


a 


i  i 


(2-32) 


We  have  seen  that  the  Kronecker  product  of  an  irreducible  represen¬ 
tation  with  itself  is  the  direct  sum  of  the  symmetrized  and  the 
antisymmetrized  product  representations »  Each  of  these  may  in  turn 
be  reducible  and  written  as  a  direct  sum  over  the  irreducible  repre¬ 
sentations  of  the  group*  Let  v-p  ^  be  the  basis  functions  in  /x  * 


The  basis  functions  in  the  Kronecker  square  are  then  4^/  4^  *  In 

the  symmetrized  square,  i.e*  in  the  basis  functions  are 

symmetric  in  an  interchange  of  £>  and  j .  In  the  anti  symmetrized 
product,  i*e*  in/D^x  the  basis  functions  are  antisymmetric 

in  an  interchange  of  yL  and  j  *  So  if  we  assign  the  basis  functions 


of  D  ,  i.e,  ,  to  the  symmetrized  or  antisymmetrized 


Xz  \ 


square,  then: 


Jl 


xt  X 
s 


A A  M- 

X  - 


a 


o  t>, 


X  t MM 
s  JL 


J" 


3 


(2-33) 


y  .  r,  Ar  X 

where  ozX  z  +1  if  the  Sc  5  are  in  the  symmetrized  product,  and  - 
-  1  if  they  are  in  the  antisymmetrized  product*  On  the  other  hand, 
since  we  can  take: 


X 


^xy  b  m- 

2  5  X 


A 


M  T  X  M  X 
JL  S 


7 


(2-34) 


Therefore  for  case  2,  we  have  the  symmetry  relations  below: 


This  assignment  is  only  possible  with  certain  choices  of  basis. 
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M 

i 1 


5 


X  /a 

5  4  ” 

/)  M  T  X 

«;,i  ^ 


/A  t  >» 


yU  A 

J  r 


s  j  -  ox*  yi  x 


M  X 
;  * 


(2-35) 


3-  Case  for  which  A  =  =  0  * 

As  before  we  have: 


s,,A 


y<-\ 

s 


(2-36) 


For  case  3,  equ.(2-12)  becomes: 

\  X  l  \  ^xtyxX  a  At  >  >  > 

Dt^R^  btiC^i  \  Jje  =  — !S  - t  Ik 


(2-37) 


This  can  be  written  as  (writing  Dt>'s(R)D^j(R)D^1(R)  =  A^ik  ^(R) 


kl 


[  AtifcjSql  (  K)  —  &t  5  %  <-J  ^  la  A 


Xti,  V  X 

3  }fx 


-  o 


(2-36) 


If  S^L^h\  is  a  solution  of  equ0(2-36),  so  is  since 

-S  ^  X 

the  coefficients  are  invariant  under  a  simultaneous  interchange 
of  j  and  s,  and  of  t  and  i.  The  suiri  and  difference  of  these 
solutions  are  also  solutions,  and  at  most  one  of  them  can  be  taken 
to  be  zero.  We  make: 


Q  AT/  X  X  _ 

S±  %  l  A  ' 

where  6  \  =  -  1 . 

that  A  -  6  t  A  • 


A't  X  ^  A 
)  5 1 


J 


(2-39) 


From  equations  (2-36)  and  (2-39)  it  follows 
To  show  this  consider: 
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JL 


At  >  X  X  ^  ^  >  A  > 


= 


*  i 


c) 


/  ^  Xt>  A  >  n A*a  A  A 

dtA^rA/^  i  Sj  ‘  €\^A  X  j  S 


=  J 


X  tA  V  V 
^  ** 


-  *4^,.  s< 


> a 

> 


-  OTA  S'  CA 


J? 


Vc  A  >> 

} 


5  a  1 


(2-40) 


Therefore,  £tA&tA=  +  1  or  Oz\  =  0  £,\  .  Thus,  for  case  3  we 
have : 


0XT>  >> 

^  J  ix 


-  ^ 


>>t  >  >  > 

i  4  5 


-J  , 


_  f  Q" 

bxyX  f  a 


vt>  y  > 

; 


XX  A  X  > 

i 

s  j 

At  >  A  > 


i  1 


i  = 


/  r>z>  >  i 
O^Ji  x  j  s 


(2-41) 


For  groups  which  are  not  multiplicity  free  (but  have  integer 
representations),  the  symmetry  relations  of  the  3j-symbols  are 
rather  complicated.  The  symmetry  relations  of  the  C.G0  coefficients 
are  even  more  complicated  because  the  square  roots  of  dimensions 
are  involved  (see  Hamermesh) „ 

A  simple  rule  can  be  given  which  summarizes  these  symmetry 

relations,  i.e.  equations  (2-27),  (2-28),  (2-29),  (2-30)  and  (2-31) 

for  case  1,  equation  (2-35)  for  case  2,  and  equation  (2-41)  for 

case  3.  Consider  a  3j-symbol  with  factor  representations  A  and  B, 

P  Cj  A  B 

and  product  representation  C,  i.e.  Jf  1  /  =  (ABCI). 

co  Ar- 

1-  If  A,B,  and  C  are  different  any  permutation  leaves  the  3,3- 
symbol  invariant. 

2-  If  two  and  only  two  of  the  three  A,B,C  are  equal: 

interchanging  B  and  C  gives  a  Sz  3 

interchanging  A  and  B  gives  a  Si  if  and  only  if  A  =  B, 

interchanging  A  and  C  gives  a  o~i  if  and  only  if  A  =  C  . 
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3-  If  A  =  B  =  C  any  transposition  (interchanging  two)  introduces 
a  . 


These  three  rules  can  also  be  shortened  to  the  following: 

1-  Any  transposition  of  two  equal  symbols  introduces  a  <t>x.  • 

2-  A  transposition  of  two  unequal  symbols  leaves  the  3j  invariant 
(except  for  the  case  B  £  C,  interchanging  B  and  C  when  either 

A  =  B  or  A  =  C  introduces  a  Sg  )  . 

To  simplify  the  manipulation  of  formulae  containing  3j-symbols 
we  introduce  three  functions  f^,  fg,  and  fg  defined  as  follows: 


fA  [ABCt]  =  1 

if  A,B,  an 

=  $r 

otherwise , 

fB  [ABClJ  =  Si 

if  A  =  C, 

=  1 

otherwise, 

fc  [abci]  =  Sr 

if  A  =  B, 

=  i 

otherwise » 

Note  that: 

f^  [ABCl]  is  symmetric  in  A,B,  and  C, 

fg  [ABClJ  is  symmetric  in  A  and  C, 

fg  [ABCt]  is  symmetric  in  A  and  Bo 
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In  the  table  below,  we  show  the  values  taken  by  f^,  fg,  fg  as 
well  as  their  products  for  the  various  possible  cases  of  equality 
of  representations. 


Table  2-1 


1 - 

t 

A+B^C+A 

b=c£a 

A=B^C 

A=C*B 

A=B  =  C 

f*A 

1 

Sc 

Sr 

Sc 

or 

fB 

1 

1 

1 

Sc 

Sr 

fc 

1 

1 

St 

1 

St 

I’AfB 

1 

6t 

1 

1 

fAfC 

1 

1 

Sr 

1 

fBfC 

1 

1 

& 

1 

fAfBfC 

1 

1 

1 

4 

In  considering  a  product  (e,g8  f^fg),  the  arguments  of  the 
functions  must  be  the  same.  For  example,  we  may  haves 

f  A  L  /W  V?  A  . 

This  cannot  be  looked  up  in  the  table.  However,  in  this  case  using 
the  symmetry  of  f^  we  obtain: 

“FaC/W^xD  - 


and  the  value  of  f  Afg  can  now  be  looked  up  in  table  (2-1)  according 


- 

to  the  equality  conditions  of  yM  ,  ^  and  A  .  The  values  taken  by 
the  fT  s  depend,  of  course  on  the  arguments.  We  often  call  the 
three  representations  in  the  argument  a  triad.  In  general  the 


f’  s  depend  on  the  triad  and  on  the  order  of  the  representation  in 
the  triad.  Of  course  they  also  depend  on  the  T  variables 


through 


In  manipulating  the  3j-symbols,  all  permutations  of  columns 
can  be  reduced  to  a  series  of  transpositions.  The  simple  rule  to 
be  followed  is: 

an  interchange  of  A  and  B  introduces  fQ, 
an  interchange  of  A  and  C  introduces  fg , 
an  interchange  of  B  and  C  introduces  f^. 


Thus 


th  -  (  \>  /a  x  ^ a ) 


We  now  have  a  simple  practical  rule  for  dealing  with  the 
symmetry  relations  of  the  3j-symbols.  This  rule  will  be  useful 
in  deriving  the  properties  of  the  6j-symbols  to  be  defined  in 
chapter  4 . 

We  shall  now  obtain  the  numerical  value  of  a  3j-symbol  for 
a  special  case.  From  equ.(l-15)  and  the  orthogonality  of  characters 
we  know  that  A  X  >*.  contains  the  identity  representation  once  (and 
only  once)  if  and  only  if  X  =  /a  „  Let  the  vectors  in  the  factor 
space  be  4^  and  and  in  the  product  space  f  ^  J  •  The  only 

vector  in  the  identity  representation  °  is  an  invariant.  The 
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scalar  product 


I 


gives  an  invariant  and  we  have: 


I 


(2-42) 


where  we  have  normalized  ^  |  . 
the  C.G.  coefficients: 

=  s:  ^  c 


Now,  we  have  by  the  definition  of 


(2-43) 


So  that: 


X  M 

1  i 


(2-44) 


In  this  second  chapter  we  have  obtained  relations  between 
the  representation  matrices  and  the  3 j -symbols.  These  relations 
will  be  used  in  proving  the  theorems  of  the  fourth  chapter „ 
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CHAPTER  3 


The  Symmetric  Group  Sn. 

The  symmetric  groups  Sn  for  n  =  2,3,4  are  simply  reducible 
groups.  However,  for  n  greater  than  4  they  are  not  multiplicity 
free.  On  the  other  hand,  the  representations  of  Sn  can  be  taken 
to  be  real. 

We  now  introduce  a  few  concepts  which  are  useful  in  dealing 
with  the  symmetric  group.  A  partition  of  n  is  a  sequence  of  numbers 
( X  )  =  (A,  j  .  .  . , /\n )  such  that: 

+  (3-1) 

( 3-2) 

It  can  be  shown  that  the  number  of  partitions  of  n  is  equal  to  the 
number  of  classes  (or  of  inequivalent  irreducible  representations) 
of  Sn .  Thus,  to  each  partition  of  n  we  associate  an  irreducible 
representation  and  a  class  of  Sn„  To  distinguish  between  the  two 
we  denote  a  class  by  (  A*>  Xn-i j  •  •  •>>»!  X,  )  and  a  representation  by 
(  A» >  , • • . , Xn) .  For  the  group  S5  we  have  the  representations:  (5), 


(4,1),  (3,2),  (3,1,1),  (2, 1,1,1),  and  ( 1 , 1 , 1 , 1 , 1 , ) .  We  also  write 
the  last  three  as  (3,12),  (2,1^),  and  (1^).  To  each  partition  we 
associate  a  Young  Diagram,  with  rows  of  widths  X,  ,  .  0  For 


We  now  start 


placing  the  digits  1,2,3,...  in  the  squares  (one  in  each  square) 
in  such  a  way  that  at  each  stage  the  number  of  digits  in  the  first 
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row  is  greater  than  or  equal  to  the  number  of  digits  in  the  second 
row,  etc.  When  we  have  placed,  in  this  way,  the  first  n  digits 
all  the  squares  are  filled.  We  call  the  resulting  figure  a 
standard  tableau.  For  a  given  diagram,  there  may  be  more  than 

m  12  1  ^ 

one  tableau.  For  example,  to  B3  corresponds  3  and  2  .  The  number 
of  possible  tableaux  is  equal  to  the  degree  of  the  corresponding 
irreducible  representation.  We  can,  therefore,  use  the  tableaux 
to  identify  the  basis  vectors.  We  can  also  identify  the  basis 
vectors  by  Yarnanouchi  symbols  (or  Y-symbol)  .  A  Y-symbol  (yhYn-l000 
y 2yi  )  is  a  sequence  of  integers  such  that  is  the  number  of  the 
row  in  which  the  number  i  appears  in  the  standard  tableaux.  For 

12  1  o  / 

example,  to  3  corresponds  (3211),  to  2  ^  corresponds  (1121),  and 
1256  ^ 

to  34  corresponds  (112211).  A  conjugate  representation  is  one 
obtained  by  interchanging  rows  and  columns  of  the  corresponding 
diagram.  Similarly  for  a  conjugate  vector.  Thus,  the  conjugate 


of 


1  o,  12 

9  4  is  3  <»  A  vector  will  be  denoted  in  this  section  by  [>ii]. 


where  is  the  irreducible  representation  and  i  the  Y-symbol.  The 
conjugate  of  [qxij  will  be  written  [  m  i  3  * 

For  transposition  (permutation  of  only  two  of  the  n  objects), 
it  can  be  shown  that  the  representation  matrices  have  the  property; 


Dr 


J 


Do 


3 


( 


o  r 


l  *  y 


Dtr 


X 


=  -  bu 


( 3-3 ) 
(3-4) 


These  matrices  also  have  the  property  that  the  non  diagonal  elements 
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Dij  (i  4  J)  ar©  nonzero  only  if  the  Y- symbols  for  i  and  j  are 
obtained  from  each  other  by  a  transposition  of  neighboring  numbers 
in  the  symbol. 


e  -  1  according  to  whether  the  Y-sym 


bol  i  is  obtained  from  the  Y-symbol  with  the  letters  in  natural 
order  by  an  even  or  odd  number  of  transpositions.  The  natural  order 
means  that  yn  <  yn_1  ^  ...  f 

In  the  preceding  chapter,  we  have  obtained  symmetry  properties 
of  the  3j“Symbols  Tor  a  general  group  with  integer  representations. 
For  the  group  Sn,  more  symmetries  can  be  obtained.  These  symmetries 
have  to  do  with  conjugation  of  vectors. 

We  first  show  that  the  completely  antisymmetric  function  L(r),l 
is  given  by? 


(3-5) 


We  must  show  that  when  a  transposition  is  applied  to  equ.(3-5)  a 
minus  sign  is  obtained,  i.e. 


D(r)  [(d,  i3  -  -  ten,  n 


Consider : 
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Since  R  is  a  transposition,  we  can  use  equations  (3-3)  and  (3-4) 
and  the  expression  above  becomes: 

R.H.S.  -  L  [XpLAkj'fz:  A\  b)c  (R)  -A**  (*)  bkkOtt)  . 

i->k  u4K 

Now,  by  the  property  given  after  equ.(3-4),  it  follows  that: 

^ki  (^)  =  0  or  else  /\\  —  -  /\\  . 

Therefore,  we  obtain  for  the  expression  above: 


R.H.S,  =  L  [A.]Uk3,/-XhZ  bh 

h*  L  L  ° 


and  using  the  orthogonality  of  the  D  matrices  we  obtain 


R.H.S.  =  -  L  AkUpuW  «  -  I  Ax,  LApCtJ 3 


j- 


This  completes  the  proof  of  equ.(3-5) 
equation  that: 


It  follows  from  this 


A 


O')  A  A 

I  i  fe 


r  (D  >  A 
Oi  i  \ 


1  /  jt  A  A\  f  C  k 


(3-6) 


It  can  be  shown  from  a  theorem  of  Frobenius  (or  by  using  diagrams) 
that : 


^  ,  A  \ 

y  x  y  ^  y  ' 

Kk  '  A- 1  A-  ,d 


( 3-7) 
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From  equ.(3~7)  and  equ.(l-15)  it  follows  that: 


(X)  x  O')  =  (X)  , 


(3-8) 


Assume  that  A  #  \  ,  i.e.  /\  is  not  a  self-conjugate  partition 

We  can  then  write: 


X  A  (I*) 
k  i  I 


n tr)A  A 
sC  i  l  E 


(3-9) 


where  we  have  used  equ.(3-6)  and  the  symmetry  properties  of  the 
3j-symbolSo  It  follows  from  equ„(3~9)  that: 

X 

A 

(e  k 


CU1--2L  5r  *  V  iMd  [( it  l]  -  z  /\\  [\k'U(P'))n 


and 


[Hi  --  A*;  [At  1  Lcn,ll 


5 


(3-10) 


where  \4X  .  We  now  consider  a  representation  V  which  is  contained 
in  .  The  basis  vectors  are  given  by: 


CXC1  -  1  s-  ?  |  fJjKSwl 

* 


and  using  equ.(3-10) 


LX3  s  S  A*]  Ah  LU^Olli-ta  • 
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n  -  n  n1 

Now,  [(1)  ,  l^J  (1)  ^  1J  is  completely  symmetric,  so  that: 


LYO]  =  2_  l  Aj  A  a  C  *  j  ]  L  A  k]  . 


(3-11) 


Using  the  orthogonality  of  the  C.G.  coefficients  this  becomes: 


upt(ur  x  Aj  a!  s'*  ~  \  LYn 

y  l 


(3-12) 


On  the  other  hand: 


C<j]  LfkV 


r-  r~  V  (A 

2i  1  [.  Y  L*]  * 

Y  i  4 


(3-13) 


Therefore,  comparing  coefficients  we  have  the  symmetry  relation 


/v  y 

<5?  t  & 

J  * 


A*»  Al  S';  ■ 


Y  *  P 


p. 


or 


J 


S'  •<  Is 
L  T  fe 


a 


Y  *  P 


a 


K 


(3-14) 


where  there  is  no  summation  on  the  repeated  indices.  Note  that  we 

>v 

have  assumed  here  that  x  41  »  j  * 

Other  symmetry  relations  are  obtained  in  a  similar  way,  by 
starting  with  expressions  like: 


=  L 


S?  j  t  UjHfttO'  , 


LY  t  ] 
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The  results  are: 


A 

A 


— * 
Y 

U 


Y 

i 


•<  f 


r  ^ 


Y  / 

L  \  fc 


0 


(* 


(3-15) 

(3-16) 


In  equ .  ( 3-15 )  ^  ^  ^  ^  ^  (6  ,  and  in  equ.  (3-16)  Y  +  Y  ;  A  4  ^  ' 

In  the  next  chapter,  we  shall  see  that  these  special  properties 
of  the  3j-symbols  for  the  group  SR  can  be  used  to  obtain  special 
symmetry  properties  of  the  6j-symbols  for  S  . 
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CHAPTER  4 


The  6,j -Symbols. 


Introduction .  Quantities  equivalent  to  the  6j-symbols  were  first 


introduced  in  the  literature  by  Racah^.  Since  then,  Racah  algebra 


for  R^ ,  the  rotation  group  in  three  dimensions,  has  become  an 
important  tool  of  the  nuclear  physicist.  The  reason  for  this,  is 
that  spherical  symmetry  plays  an  important  role  in  nuclear  physics. 
It  would  be  preposterous  to  believe  that  the  6j-symbols  for  Sn  (the 
permutation  group  on  n  symbols)  would  become  as  important  as  those 
for  R^ .  However,  the  6j-symbols  for  Sn  may  be  useful  for  some 
physical  applications.  It  is  also  interesting  to  see  how  the 
formalism  of  Racah  algebra  carries  over  for  groups  that  are  not 
multiplicity  free.  Rather  than  studying  the  6j-symbols  for  Sn,  we 
shall  consider  ambivalent  groups  with  integer  representations.  Of 
course,  Sn  is  an  important  special  case  of  such  groups. 

Definition .  We  shall  use  the  notation  of  Sharp^ .  The  irreducible 
representations  will  be  denoted  by  the  letter  TfjTT  with  various 
subscripts  and  the  vectors  by  the  letter  !,m"  with  the  corresponding 

subscripts,  e.g.  j]_2  anc*  m]_2° 

We  define  the  6.j- symbol  as  follows: 

| 


. 
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where  a  sum  over  all  possible  values  of  m6  is  implied  whenever  me 
appears  twice  in  an  expression,,  This  summation  convention  will 
be  used  throughout  this  chapter,,  In  equ.(4-l),  there  are  six 
summations  implied.  Very  often,  the  m*  s  will  not  be  written.  Then, 
the  summation  over  m€  will  be  implied  when  appears  twice.  Thus 
equ.(4-l)  can  be  written  as; 


We  see  that,  to  each  6j-symbol  is  associated  a  set  of  four  triads. 
The  notation,  used  in  the  definition,  becomes  clearer  upon  consid¬ 
ering  the  following  diagram; 
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FIGURE  4.1. 


Each  line  represents  a  triad  which  is  denoted  by  a  single  digit; 
this  digit  is  the  only  one  of  1,2,3  and  4  which  does  not  appear  in 
the  subscripts  of  the  3  jT  s  forming  the  triad.  The  points  represent 


-  I 


the  irreducible  representations,  Another  helpful  diagram  is  one 


built  on  a  tetrahedron. 
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j 


FIGURE  4.2, 


Here,  each  side  represents  an  irreducible  representation  and  each 
apex  represents  a  triad. 

Apart  from  the  six  j!  s  in  the  definition,  there  appear  four 
variables.  These  four  variables  may,  in  general,  take  more  than 
one  set  of  values,  Hence,  given  the  six  jT  s,  there  may  be  more  than 
one  6j-symbol.  The  actual  number  N,  of  6j-symbols  for  a  given  set 
of  six  j*  s  is  given  by: 


X,  Tv  Xs 


where  the  same  notation  as  for  the  definition  is  used.  The  sums 
run  over  all  possible  values  of  the  variables  and,  as  usual,  C(j]_  1*2^3 
is  the  number  of  times  that  J3  is  contained  in  the  Kronecker  product 


of  N,  for  any  set  of  six  j’  s,  is  always  equal  to  one.  Clearly,  to 
each  triad  is  associated  a  variable  T.  which  can  take  on  values 
1,2,  etc,  up  to  and  including  the  value  of  C  for  this  triad.  Later 
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on,  we  shall  consider  6j-symbols  in  which  the  subscripts  to  the 
j1  s  will  differ  from  those  used  above.  In  each  case,  the  triads 
are  to  be  formed  in  the  same  way  as  above,  i.e.  in  the  diagram 
below  each  line  refers  to  a  triad* 


In  words,  the  triads  are  to  be  formed  as  follows:  the  first  triad 
is  made  up  of  the  three  jT  s  of  the  first  line;  to  form  the  other 
three  triads,  take  one  j  from  each  column  such  that  one  appears 
on  the  first  line  and  two  on  the  second  line  in  the  symbol.  It 
will  always  be  clear,  from  the  subscripts,  to  which  triad  a  given  X 
belongs  moreover,  the  X  variables  will  appear  in  the  symbol  as 
specified  in  the  definition,  e.g.  the  T  belonging  to  the  triad 
made  up  of  the  three  j!  s  on  the  first  line  will  appear  on  the  first 
line  and  on  the  left-hand  side. 

From  the  definition,  the  6j-symbols  are  seen  to  be  real  since 
the  3j-symbols  were  taken  to  be  real. 


Symmetry  Relations  of  6j-Symbols.  From  the  definition,  a  few 
simple  symmetry  relations  can  be  obtained.  These  depend  on  the 
symmetry  relations  satisfied  by  the  3j-symbols.  These  symmetry 
relations  could  be  imposed  on  the  3j-symbols  because  there  was  a 
certain  arbitrariness  in  the  choice  of  these  symbols. 

(i)  Since  the  3j-symbol  ( j1 ^2^3^123 )  is  taken  t0  be  zero  when 
is  not  contained  in  j^x  j'2,  it  follows  that: 
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k  V3  |  Xv<  Xt  j,  _  0 

V4  ^  r  '  Ti  Xv  $  (4-2) 


unless  c(  J12  j  J13  5  J23  ^  c^12  >  ^24^14)’  c^*34>  J13  >  J*14^>  and 
C( ^34> ^24> J23 )  are  add  nonzero,  where  the  C1  s  are  defined  as  for 
equation  (1-14). 

(ii)  It  follows  directly  from  the  definition  that: 


1  chx  h3  W  tn  ti  ^ 

r 

K 

h-» 

>'4 

T*  tv  ' 

l  V4  ^  ^  U  J 

• 

P4 

h 

Ta  I, 

-  { 

H4 

i"* 

X»  X. 

'  l 

Xv  X3 

« 

=  i 

<h 

■  V'1 

bv4 

Ti  Ik| 

In  other  words,  the  6,j-symbols  are  invariant  under  a  permu¬ 
tation  of  the  six  j!  s  which  preserves  the  triads  and  the  order  in 
which  the  three  j’ s  appear  in  each  triad0 

(iii)  By  definition  of  the  6j-symbol  we  have: 


hi 

hi 

Xh  Ti 

h 

Tw  t» 

and  using  the  symmetry  properties  of  the  3j-symbols  the  right- 


hand  side  becomes: 
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R .  \A  ,S.  =  { o,  "f  /v  [  ^  ,4  U  (.  v.  t\  j  -ntl  (  *  L  ^ vv*  v V 

x  ( i<*  i>‘)«‘l-,')(  ^-*  ,!•«•)>•< l*H  V"  j"1  &'•>  i"1 

and 

P>  Vf  ■ul  t  L^vs  f  *  L  ^  ^  <hs  Xv^  ^  |4*  JmI.1 

X  («•  t.  ^  jv».  L  ^  jW  1.  JvH 

*  (^  yn.^^'u)  ^5“  },^"<t%''(  ijui'liviT6- 

Therefore  we  obtain: 


i>!  Vv 

C 

( ^  y*  V" 

-Cs  T,  1 

3 

(4-4) 

^  V*  is4'1 

\  -C-c  I 

I  V'"  ^ 

Tj  I-u 

where  C  -  f  *  L  0  (  c  L  Jpt  Jn  ^  u  ^  U  L  j  m  \  ]  \c  t  T0 


X  (  fc  L  |jw  ^  <3  j  *H  T0  ft  L  L  Jv^'l  (c  L 

We  see  that  the  6j-symbols  is  symmetric  (apart  from  a  sign  given 
by  C)  in  the  permutation  of  columns  as  shown  above.  The  sign  is 
given  by  C  which  is  a  product  of  eight  f  functions:  one  f ^  and 
one  fQ  for  each  triad.  The  argument  is  in  the  same  order  as  in 
the  6j-symbol  on  the  right. 

(  iv)  Another  symmetry  relation  is  obtained  when  the  first  two 
columns  are  interchanged.  By  definition: 
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f 

V'i 

b1- 

_  •N 

“U  T, 

v_» 

H 

Tv 

=  ^‘3  ^vj ^  VhXv^  ^  VXM  Vvi'"‘T^( 


—  -|  <.  l_  ^  rs  ^t.  j^T.%^  -i  lx^  '-'l  ^  (•cL^M^m^i'jX.i'^ 


Therefore : 


H  V"-  ^ 

—  ^ 
Tq  I, 

.  =.  c  \  w  V'  \T'1  Xi 

•  ltw  Vw  i"1 

Tv  r3 

X  \vt  J.H  1  Tl  J 

(4-5) 


where  • 


C.  -  (cl  ^  1  "(cL  j-H  ic  L  ^n.  ^  H  li"3  fc  C  ^y<  ^xi^i  ?i  . 


Therefore,  interchanging  the  first  two  columns  of  a  6j-symbol 
leaves  it  invariant  apart  from  C  where  C  is  a  product  of  four  fc„ 
Each  of  the  four  triads  contributes  one  fQ  and  the  argument  is  in 
the  same  order  as  in  the  6j-symbol  (either  on  the  right  or  on  the 
left  since  fQ  is  symmetric  in  A  and  B). 

(v)  For  the  symmetric  group  Sn,  we  have  special  symmetry  relations. 
They  follow  from  the  definition  of  the  6j-symbol  and  equations 
(3-14),  (3-15),  and  (3-16). 


SM  /v 

^  a-i  *ii 


Tm  T, 


/V  /*. 

>»•*  J'"  A"* 


c 


V‘v  V  t *i  i 

T  4.  T 


V"1  w  v 


h 


i  v  V 


b 


* 
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where  from  equation  (3-14)  we  see  that 


and  since  each /\  occurs  twice  C  =  +  1 , 
Therefore : 


f  fv 

h-  i1'  ^ 

X,  T, 

_  i  Y'  1  Xh  t' 

■  I14  l4  (V4 

Xi  Xx 

1  l  ^  1  U 

In  the  same  way,  it  follows  that: 


Aj 


/V 


/v  /y 

it"1  i"4  i'4 

a*  /y 

j,,*  yrs 

/V  Arf- 

i'4  Vv4  H 


Is  X\  ] 

I-  ] 

, 

=  i 

1 

the  6j- 

symbol  i 

i" 

V"4  V1 

K  V"' 
^4  !r4  d'4 


V  «*.  i 

*> 


1V 


■H  L, 


of  the  j*  s  of  two  of  the  three  columns.  One  must  make  sure  here 
that  the  jT  s  which  are  conjugated  are  not  self con jugate .  If  some 
j!  s  are  self conjugate,  there  may  be  a  minus  sign  introduced. 

Apart  from  this  sign,  the  symmetry  properties  above  are  valid, 
i.e,  we  should  really  say  that  the  square  of  the  6j-symbol  is 
invariant  under  conjugation  of  the  j!  s  of  two  of  the  columns. 


Transformations  of  6j-Symbols,  In  chapter  2.,  we  have  seen  how  the 
3j-symbols  transform  under  a  change  of  basis.  Under  an  inner  basis 
transformation,  they  transform  according  to  equ.(2-12),  and  under 
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an  outer  basis  transformation  they  transform  according  to  equ0(2-26)?0 
From  this,  we  can  find  how  the  6j-symbols  transform  under  these 
changes  of  basis. 

For  an  outer  basis  transformation,  we  first  write  an  equation 
similar  to  equ„(2-26)’  s 


( \  ^ 


V*  v  vv\ 


L  U„ 


x' 


V*.  x  Wl  x  V*\ 


( 4-6) 


It  follows  from  equ,(4-6)  and  the  definition  of  the  6j“Symbols  that 
under  an  outer  basis  transformation  the  6j -symbols  transform 
according  to: 


U 


l  i"-  &•'! 

Th  T|  ‘ 

(  j-'1*  i14)"1 

■Cj  *v 

J 

L  U„x;  U  Tjti'  U-tsT, 


i"- 

1  l  ^ 

", \ 

L  Jr'4 

1  T,  U  J 

(4-7) 


The  first  theorem  of  this  chapter  shows  how  the  6j-symbols  trans¬ 
form  under  an  inner  basis  transformation. 


Theorem  4.1;  The  6j-symbols  are  invariant  under  an  inner  basis 
transformation „ 

Proof:  The  3j-symbols  transform  according  to  equ.(2-12)  under 

such  a  transformation.  Using  equ.(2-12)  and  the  definition  of  the 
6 j- symbol  we  have: 
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D 


u  (  IX..  *A  X.v*,‘  ^ 


^iv^iv  U^vx^v* 


*  j^  ^  j^i"*  bi^iv  blnv^x3 

*  ^  ^  ‘V}a''  ^'x  V"  '-»  *«''*  ^  ^  KH*.,J  ] 

*  \  ^  |wi,s  [hTv)*v«*m  ^  ^t,M^  biX.J  b  KwOl  J 

where  equ.(2-12)  has  been  used  on  each  3 j- symbol.  On  the  right- 
hand  side  the  [)  matrices  can  be  grouped  in  pairs  and  when  the  sums 
are  performed  over  the  unprimed  m1  s,  a  Kronecker  delta  is  obtained 
because  of  the  orthogonality  of  these  matrices.  Thus  b)Wlv^lx  DWlvw, 
-  Xly^rx.  We  then  gets 


b 


1  P  V'  px 

tH  T> 

(  '  '  *  T  \  V  V  1  / 

t  ^  iM  i« 

T*  tx 

« 

0 

^  ^VU  ^  ^13  '"xx,  ' 

H 

<  (  px.  ^  H  rj)  **  XH 


I  (  '  .  —  \  .  »i  u  li 

v^h  l  L'~) 


l  II 


1,  <?  1  «  A 

^**1! 


and  when  the  sum  is  performed  over  every  m",  we  obtain 


D 


<K  H 


ii  t, 


=  Ci 


<^VVV'^  vv\V3  vvix^ 


v  * 
•\s  **  n  ^13 


i-n  TP  »»».* 


( 


‘  '  I  V  , 

»v  ns 


I  I 
XU  ^13  ^  N 


By  definition,  the  right-hand  side  is  just  the  untransformed 
6j-symbol.  Therefore  the  6j-symbols  are  invariant  under  an  inner 
basis  transformation.  Q.E.D. 
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Associativity  of  the  Kronecker  Product:  The  two  theorems  of  this 
section  are  a  direct  consequence  of  the  associativity  of  Kronecker 
multiplication.  In  the  language  of  the  rotation  group,  these 
theorems  are  interpreted  as  connections  between  different  coupling 
schemes. 


Theorem  4.2: 


(  jn.  ^  \  V  J  T  1^  Wivi 

L-  r\«  (  iw  JrH  I 


^  V*  i  A 


h  \ 

Vi 

1 1  " 

l  ^ 

■c* 

o 

Tv 

( 4-8 ) 


where  n^  is  the  dimension  of 

Proof:  This  theorem  is  a  result  of  the  associativity  of  the 

Kronecker  product  j]_2x  013  x  034*  Clearly: 


(  [\^  ,  K ^  ^ 

\  0  vv' 1 1 vy*  >_j  /  ^ V  i-0  ,  -j  vm  , ^  U 


(4-9) 


We  shall  need  equ.(2-ll).  In  our  notation,  this  is  written: 


^  j  C  V,»  U~  “Cj  3  wv,»^vH  (.  ^  v  I  ^ yw  1  h'  t)  M  tV  . 


(4-10) 


Consider  the  left-hand  side  of  equ.(4-9).  Using  equ.(4-10)  on 
the  term  inside  the  bracket  we  have: 
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L.H.S.=  L 


YVv-i  (  (  i‘v  'JM^ 


'*'■»•  l1*  Vi 


b 


VM 

l 

M  jv  1*1 1M 


and  using  equ.(4-10)  again  we  get: 


L,  H,s.  =  21  ^  }htOwmIw; 

RXt 

RT* 


V*,J  ^V3 


*  ^  \U  ^  U  ^  t'4  ^,N^n  vv'rj'^tw  ^V<  R  R  "ORm  yv'i.^*Hvi 


Using  equ.(4-10)  on  the  right-hand  side  of  equ*(4-9)  we  have: 


R.rt.S,=  L  n.s 

UH'T' 


r*  m  Vm,j 


h 


i>H 


H 


T0 


WV\ 


V*,  \ 


b1H  . 


b 


<K 

Wv  ,  v  Vm 


1 

IX 


and  using  equ.(4-10)  again  we  obtain: 


R  .  V~l  >  S,  -  2_  (pH  W^l3  W%,^  (  p4p^H*rv)w'vi  1 

pyTtJ 

R  Ti 


X 


v*  i  x  v^1S(  w  n 


'  i 


\ 


th"  . 


We  can  equate  the  coefficients  of  the  two  expressions  obtained: 
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2.  ^  i'1,  lr''  (  Wt  \  ^  u-i^)  h,^ 


i  i 

V'V  ^  1^  IA*  \  ^ 


13  ** 


“  2 —  Tn'N  ^  (Jr  '3  ^yv,^,  (  i  ^  l  ,*  i  N  Tv)  K 

<iH/rsT->  u  0  u 

X  (  jj-W  j,  >M  jj  *tH  ^  v**xv**hW*  V-,  (  |j  "t  \'k* 


>x  *  i  * 


We  can  use  the  symmetry  relations  of  the  3j-symbols  to  obtain: 


^  i^1-^  ‘'i  T'*)  V*\\  vviai  (  J-  'V  jj'-V  T^  )  w\»i  Vv»,'3  v*vJ  (  j  m  j  VM  Jv}  T,  ^  I»x^ 

*  (  )  *Mq  **vj  v*\j|  -f  A  C  j-s^  j  ^  L  J-\q  J,xq  ^v-j,  T,  ^ 


-  21  (  J  VI  j*5  i'M  ^  W»W  (  \  Yl  j|»H  *0  W>JM  *",*»  (i\\  us  j'l  0’"*,.cV*sv* 


w> 


X  (  ^  Ti^  v'v  W\  Xvj  1^,^  ^  A  [  ^  jw»  j^fsD  f  aL^ix^JhIi].  (  ^”1:L ) 


Note  that  f^  =  !•  Now,  multiply  each  side  of  equ.(4-ll)  by 


U 


a 


‘  /N. 


9  'l  ,  1  ^  f  ,  ^  c: 

IV  ^  /  ^(V  ^,5  WVTJ  V  ^  V  'J  ^V}  '-l  I  ^  V  **v>* 


h 


and  carry  out  the  indicated  summations.  The  left-hand  side  becomes: 


-54- 


L.H.S,  - 


2_  Axi  (^v  ^  ^3T*)  V^Wl^yMvi  (  ^  |vH 

I'W'i 

*  (  cbx  i‘*  }v3T0^ix  j[  ■>  jtjT4  ^  ^  ^t'3 


*  (jvi  ^  am  WhA  (  j,  rs  ^u  ti^ 


xi 


and  using  the  orthogonality  of  the  3j-symbols  we  have: 


L  ,  H  -  2 —  ^"*3  ^‘-L  }’v'*  Lv<  ^  ^vx 3  (  V-H  ^  Vi  *0 


vv"iH  ^  “H 


(|/At\l  <^tA  0^fcX}>  ^3^3  dt>  T,  } 


and 


( j-w ) w *"*' 


a 


XI  } 


where  we  have  used  the  fact  that: 


L  £ 


/\ 


--  I  1  :  ^ 


1\ 


^X 

VHvj 


and  where  n^  is  the  degree  of  On  the  other  hand,  the  right- 

hand  side  of  equ.(4-H)  becomes: 


!t'H>  T'*Ti 


R»  H  ^>3  V*y\  (  ^-XM  |  IM  "A)  w  ns  V*  <H 

^>3  «X|  (  i"-  J.-1  |ist]  k*>»x  ^  iw  t^'S 

(  \  {  ^  T  V  '  V  /V  /  *  »  0“  £  \  «  *  ^ 

x  |.  '3  |  O^'1  »^ix  IW13  W»vj  [  ^3^  ^13 
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By  the  definition  of  the  6j-symbol,  this  can  be  written  as 


V 


X 


l  <K  ^ 

[  h  yA 

T,  t,  j 

Therefore,  we  obtain: 


(  )  w  ^*^0  (  )  h  i 

2L  ^  ^  j'  h  ^x)  ( vs  i  wTj) 

W.Tv.Tj  'J  ^  * 


J  ^  )>'  df^ 

—  -r  *\ 

' 

I’s  Tv 

Q  o  E  o  D 


Theorem  4.2a;  The  6j-symbols  satisfy  the  following  relation 

( 


^  J- 


H 


^  J'lH  |  W 


1m  t, 

lv  ] 


( 4-B ) 


Proof:  The  proof  is  similar  to  the  above.  Multiply  equation  (4-11) 

by  (  ^34^13^14^2 )m^m^3m14  (  J‘l2324^L4^3  )ml2m24S14  and  carry  0Ut  the 
indicated  summations.  The  right-hand  side  becomes: 


R.H.S.r  I  ^'4  (  ^  3M  ^  ]f  \A  Tv)  w\ ,  /m,  ^  (  ^\\  ^  h  Ti,) 

X  (  [  3H  ^  (  pM  IS^O 


'  „  V  A. 
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X  (  j'1-  ,)-  ^  j.  N  T  WvM  V^iM  (ju. 
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»/ 


5 
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and  using  the  orthogonality  of  the  3j-symbols  we  have: 

R.  Y\^.  -  H  \  ^  Tv")  ^  J  ^ 

A  (  ^  ^  IM  ^  ^ y*  (j,v<  is  W  h  ^TxT-v.  ^  X  3  1  -J 

and 


(■  ^  Jh'*  i'  ^  1  ^ &"•  h  vH  I ,s 


On  the  other  hand,  the  left-hand  side  of  equ0(4-ll)  becomes: 
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By  the  definition  of  the  6j-symbol,  this  can  be  written  as: 


L.n.£.  =  Z.  A»  4’1  V-*'1 

b4«T,/t" 

Therefore,  we  obtain: 
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QoEoD, 
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Orthogonality  of  the  6 ,j -Symbols,, 

Theorem  4.3:  The  6j-symbols  satisfy  the  orthogonality  relations 


'j ~ 

'A"! 


Pv  Vv* 
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>va 
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Proof ;  Using  theorem  4.2  we  have 


*  (  ^  ^  ^  i-  ^  j-vT.  '1  **n 

—  2L  f\  m  Hh  (  ^,y<  ^  ^  «hTv)  wiy<  vw»»v*h 

A 

l 


y\ 


^  T  X 


X  (  jw  y\^i  ^0 


^  >  s|  i 


X  j  ^  h  b' 


Xi  T, 
T-v. 


dr1  bUw 

tu, 

/  •  A 

T-  >v 

(  J-Vj-Llj.  W 

V  , 

A  OS 

iu  ^  P' 

-CM  T 

A  A 

VM  JM  i"1 

T  *  T 

♦ 


The  orthogonality  of  the  3j-symbols  can  be  used  on  each  side  and: 
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On  the  other  hand: 
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.j 

XT 

i 

kI 

il 

A  y%  ^ 

x 

Xs  A  * 

j  <h  A  A* 

a 

Xm  T,  1 

j-'t"ATi 

_  ^  A 

X  i  Tv 

l  A  A  A 

fl  4 

and  we  obtain  the  required  result: 


^ ~~~  A,^  hxi 


A  <A  A* 

x h  r,  ] 

r( 

a  AT1-'  ' 

Xt  T|  ' 

L  A  AH 

X,  Tv  _ 

-  a  a  a 

|  X3  A 

ti'xiT.I 


This  is  equ.(4-12).  We  now  use  theorem  4.2a  on  the  following 
sum  of  products: 


(  ^3  4  ^  ^"0  **  *4  r*  \  i  W\  (  U  j  I  h  a) 


'X  V'"'^  ^  "^-1^)  V^\xWV^4yv.,vJ 


v'Vv  a  Y*  vH  V*  1 4 


A 


At  A  A 


A.3-j1AC\  l  A  )  yy^  i^i?  (.  ^  1  '  yv''H  ^ 


A  (  ^  '|'1>  C  ^  ^  vv|  )f‘t'A'  ^ 


W'-jm  v^m  Y'l'i 


A 

it"  V"  1 

-  X 

Xm  T  , 

[  A 

Ts  T.  1 

(  Vvt  JvM  j'H 

A  A 

XV  Tv  _ 

X,  Tv 

- 

Using  the  orthogonality  of  the  3j-symbols  on  each  side  we  obtain: 
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L.H.S.-  <J /*..<)'  t. 

IMS.  '  7>a. 


‘-Tit-v.  tkjt. 


^  CJ 


^  H 


StjT: 


On  the  other  hand; 


R.i-1^.-  2L_  ^ujvj  ^t,x,  &xmts  7 


V*a  ,v^  13  o  vi  W^ 


J  <K  ^ 

TLy  X. 

i  K 

i"  | 

h*  H 

Ti  Tv 

1  jw 

/N 

S*  __ 

-Tv  Tv 

=  1  atl  W"*"  ^ 

(  J-’-1  Ij'-1  S'1 

and  we  obtain  the  required  result: 


Ts  x  \ 
T,  Tv 


y  ?M LS  H 


■Ch  h 

/V  ^ 

t4  t‘ 


Z.  j 


ts^i 
Ti  Tv 


b'x  j*'  JM 

H  h  r 


Ty  ^ 
/*►  ^ 
’v 


<^TvTv 


(4-12) 


Q  o  E  o  D  o 


Back-Coupling  Rule:  We  now  prove  a  theorem  which  is  analogous  to 
the  back-coupling  rule  of  the  rotation  group.  The  significance 
of  this  is  explained  by  Fano  and  Racah  in  their  book:  "Irreducible 
Tensorial  Sets."^ 


Theorem  4.4.  The  6j-symbols  satisfy  the  following  relation: 


(  CKb ^ 

ThT,  ' 

=  H  c  n*  i  *"  ^ 

T„I, 

j  <K  W*  h 

^  v 

[  ^  Hh 

l»>  lv 

4 

[  H  v*  t 

T  T1 

l  h  \ 

*  Z'~ 

(4-13) 
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where  £  -  \c  [  j,VH  |t.*X,  )  ft  [  j,,*  ^  Tv]  ft  f  jv*  j,  L  1  • 

Proof :  By  definition  of  the  6j-symbol,  the  left-hand  side  is: 


L  '  VIA.  "  (  '"M  ^  1W  jvM  ) 


^  W''f 


We  can  now  use  the  symmetry  properties  of  the  3j-symbols  to  write 
this  as: 


^  j\X  jf  ^  f  Vi  )^»vVW,j  WW*  (  J-  ^  1^-tM  ^Vt  •"n 

*  C^xxf^  ^^V^Y^Wv,  (  ^  ^  ^ 

x  f  t  L  ji't  iv*  x,  f  t  L^i  ^  * 


We  can  now  expand  this  expression  by  grouping  the  3j-symbols  in 
two  pairs  and  using  equ0(4-8).  The  left-hand  side  becomes: 


f.t 


d  44 


4")h 

r  > 
XmP| 

_  1 

j<M«  H 

/  a 

Uli  h*  i 

x  T 

Tltv 

/V  /\  | 

X  T 


The  orthogonality  of  the  3j-symbols  can  now  be  used  and  we  obtain 
(after  using  the  symmetry  properties  of  the  3 j-symbols) : 
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l.  h.s.  -  2__  ^  ic c ^ ^ f c jss i .viix] 

Lt.t’ 

■  ■  '  ■  -  •  •  . .  l'«  *-•  i^i  ^  h 

T  T' 


x  fcijtH  f.40  j  Ki;u^ 

L  <f 


■Cj  u 


X  X 


Performing  the  sums  over  the  mT  s  gives  a  factor  n  -,  so  that  we 
finally  obtain  the  required  result: 


t.nX.-Z_  C  n; 

_ i  T 


Tq  T,  ' 

I  }x *  i H 

Til,  1 

H 

Hh  $ 

X  X1 

J 

1  \n  \ 

^  J 

0 


where  C=  h  i  j  j  n't,  1  t  L  j.4  « j,,„  f  <  C  x]  . 


Q  o  E  o  D 


We  give  below  a  diagram  of  the  kind  discussed  at  the  beginning  of 
this  chapter.  This  diagram  illustrates  theorem  4.4. 


FIGURE  4.3. 

Biedenharn  Identity.  Another  interesting  formula  for  simply 
reducible  groups  is  that  of  Biedenharn  (often  called  the  Biedenharn 
identity).  The  generalization  of  the  Biedenharn  identity  (for  groups 
not  multiplicity  free)  is  the  object  of  the  following  theorem,. 
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Theorem  4. 

5; 

y  j  H‘ii 

"tin  T  n.3 

V 

Li  ^x.  y  i  t\x^  t 

T,u  1  P‘  h  h 

Tm  X(\i 

•  k  »  '  i 

J.v\  |'v  T~\\  Til  3 

where  : 


j*  i 

x  t1 

-  }'v  )' 

\ 

h'  j- 


V  x"  1 

>>  «j‘>  } 

TU  t 

1  T 

^lii  C»T3. 

•  i,!  i  *  ji 

\ 

T  Tn,^ 

■  •> 


C  -  fe»L  }v\  ^‘til  IftL  ^  t  1_  jx 

*  IkI  jt p ^  T'vi }  (aL^\ ^ X'x^ 

*  f  A  l  ‘•Tv-.l 

*  ^v\  t'vi]  f  B  L  Jv^U  ^  >vl  ] 


K  Li 


Vi 


itl  i 


a  f  6  [  j,,  f,‘*  j,l  ^u-il 


Proof:  Consider: 


^  ^  V  't"CTxi^  V'"5,  i’v  "&aj  ^  (  J  v  j|>v 

K  (^  J-T  V^'"'-1''  (  >!  ^4'  V  >'  ‘t'"-j'  • 


Using  the  symmetry  properties  of  the  3j-symbols  we  obtain: 

^  ^  J‘  ^  ^  T‘v^  Q^Wlv  T 

*  (  ^  T';0  ^  ^  T‘u>) 

*  (  }•*  ^  \‘T  T'x’^  ^  jf  ^>  ^  ^  '  3  L'1^  ^ 


(4-14) 


? 


■  - 


-63- 


where  C  i  -  f  *  L  ^  l c  ^  x  ^ 

X  l  A  C  ^  v  (J-tv  ^  X*>”)  £  c.  L  j[vs 


The  first  two  lines  above  can  be  expanded  and: 

^ZL.c, J'h'xh 

i-.x.x  » 


•  »  &  *r 

\> 1  ' 


*•  ^  4 
[li  \' 


x  x  ;  ;*-h 

1 13 


»  \  „  " 


■  >  >1  ;l 


x  X 

Sfij  ^ 


*  (  ji  ^vj  t  ivl  )  (.  ^  “t  .V\  )  . 

Using  the  orthogonality  properties  of  the  3j-symbols  we  obtain 

) 


<<  =  z_,c,  hj  c p4x‘)( ja  py")  (ppu 

ij-A»T  X 


x-0(  Jip,  if'jX.xS 


* 

I'ht 

XX1 

> 

x  x "  ; 

,  ,  f 

(  lv'  i'5  i-"- 

X-n  t  ivj  ^ 

(  %  ^ 

.  W  ^  Ju 

X'ixJ  X,vj 

and 


0<-Z  C,n  n;  T')  (  i^«'5)(p»p’  J  '")(  ^Tl'1  ^ 


\  T  1  '■ 

*  1  L‘  > 


1 

' 


^ '  V'*  \ 

^  b  ^ 


*T  t 


"C"  i  l  X 


h  ^  1 

.  V  l  \  i 


X  X 

'  T  1 

tin  x  (\.i 


where  ‘. 


Cx  =  ivills  tiJl„t,'»5)h^iViV''X,l'i 


The  orthogonality  of  the  3j-symbols  now  gives: 


o(-  2—  £.  <fxM  t',vj  & 


KVM^I  ^ 


Hlj 


* 

i 

It  V  • 

^  j 

H 

H 

- - > 

b  > ,i 

X~\\  X  1 1  J  w 

1  l  V 

'  r*  <b 

TTv3  T  U3  . 

The  sums  over  m  and  give  a  factor  and  we  have: 


*  --  L  c,  c. 


■ixT 


tivj  X  in 

X  Tit  "X 


X.vt  t 


n-T 


XlXT  t,TJ 


where  we  have  set  T=-Xlts  which  is  just  a  dummy  variable.  Thus, 
we  have  obtained  the  left-hand  side  of  the  Biedenharn  identity. 

On  the  other  hand,  we  can  write: 


0(  ~  (  )■  ^  j,  tv  pi  \  »  1  Til  )  (  J  U  <j  iv  ^  i.  1  i  \  ) 

*  (  j  ^  ^  '’xi (j‘1  h1*  }j  U  j  n  y  "5  x  )  •> 

Cl  -  fc  t  ^  t.  f't  (>  U  L  j»  | ,3  jja  xTU  ] 

*  (  6  t  ^v}  X>\ij  I  c  [  jnT,vj^  f  A  t  Jrt  ^.v  ^  ^  it  T  1 

<  U  [  \l  \\\  T'^  i  f  «■  ^  j*  T  ^  [  j'v\  ^  £  n  Tixj  ]  . 


where 


We  can  now  expand  this  expression: 


/=  ZL,  ^  ni  ^  H  i"- )  ^  ^  } 1  ) 


a-r^; 

/s  A  A ' 

T 

3n^  ■ 


Tl 


I  '•  A 

<NW 


ijhi! 


\  • 

T  T 


t- 


W~  ✓VVA 1 

X  t 

Xiv^Xta^ 


We  can  now  use  the  orthogonality  of  the  3j-symbols. 
p(  z.  Ci  C*  <5>j J  L«Z  (f^bv  (Kx  ^tx'  ix  t 


K 

^  i'*  i 

X  1'  ' 

r  •  1  A 

h  K  ) 

A  \  , 

X  x 

f  h'hT 

a-  ^ 1 

X  T 

J,x'  h  1' 

X-j 

p  I'i  il 

\ 

tn)  X  iU 

<  h  }” 

X  X  uX 

5 


-65 


where  Cm  =  .  This  can  be  reduced  to: 

C*Cm  U"  ^  if 

u«h»  t> 

where  we  have  set  ^ -x"  „  This  is  the  right-hand  side  of  equ.(4-14) 
and  the  proof  is  complete „  With  table  2-1  and  the  symmetries  of 
the  f  functions,  it  is  a  simple  matter  to  show  that  C  -  C1C2C3C40 
The  diagram  for  Biedenharn  identity  is  shown  below,, 


x  x1 


It,-.  1 


l  X 


T" 


X  IxJ  X ) v3 


H  h  h 


I11  X 
X  I  vj  ,v3  . 


We  see  that  figure  4<>4  expresses  the  validity  of  a  theorem  of 
plane  geometry  due  to  Desargues:  "if  two  triangles  are  so  situated 
that  the  three  points  of  intersection  of  corresponding  sides  of 
the  two  triangles  are  collinear,  then  the  joins  of  corresponding 
vertices  of  the  two  triangles  are  concurrent." 
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Group  Sums,  We  shall  now  prove  a  few  theorems  on  group  sums.  We 
shall  see  that  certain  functions  of  6j-symbols  can  be  expressed  in 
terms  of  characters.  These  formulae  were  obtained  by  Wigner  for 
simply  reducible  groups. 


Theorem  4.6: 


7 


P'4  H  p1* 


=  (i/y)4  XK(ft')4'WXi'U) (4-15) 

*  R.A,*3 


where  g  is  the  number  of  elements  in  the  group,  i.e.  its  order. 
The  sums  over  the  R’ s  extend  over  all  the  elements  of  the  group 
Proof:  Consider  the  following  product  of  two  6j-symbols: 


* 


I , 

Xi  Tv 


.  '  V  .  V 


j-W  I  *  J 


x  ( p  tj) ( j;.  j.i  j*i i v) ( ^ v)( jw 


Therefore,  we  can  write: 


h*-  ^ 

l  H  iH 


TH  T,  -v 


—  y*vv*  (jv*  ^  ^  H  Tv')  vwyjWufMx 


T,,Tvy 

x^tv, 


X  ^‘l  Wu**iJ**ll(  Wn 


Each  pair  of  3j-symbols  can  be  expressed  in  terms  of  the  D’  s  with 
equ.(2-14)  or  equ.(A  6)T  and  the  expression  above  becomes: 


0 
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('/$*.)  ZL  y 

*  R, 5,7,0 


bi  ( %)  buii(R)  bitiio 

b*L.  I T Hti’ «, ( T)  b*>iT) 


Performing  some  of  the  multiplications,  this  becomes: 


L 

K»vr,u 


1C.I«»  'C*‘*u> 

»  (txl  C-„W'>  lfc^,  (S7-) 


where,  for  the  last  two  terms,  we  used  the  fact  that  the  matrices 
are  orthogonal.  By  definition  of  the  character  of  a  representation 
the  above  expression  is  simply: 

(l/o «)£  •)LK(RS'lXi,,(RTUH(Su))C^(Tu)^>(Ru-')  ^H(  ST")  . 

*  ft,VLU 

This  can  be  simplified  somewhat.  Setting  =  RS,  R^  =  RT,  and 
R^  =  RU”1,  we  obtain  for  the  above  expression: 

* 

R 

where  we  have  used  the  fact  that  trAB  =  trBA  and  that  the  matrices 
are  orthogonal  (this  last  condition  is  sufficient  but  not  necessary). 
The  expression  inside  the  summations  is  independent  of  R.  The 
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sum  over  R  then  simply  gives  a  factor  g  which  cancels  one  of  the 
gT s  in  the  denominator.  This  completes  the  proof  of  theorem  4.6. 
A  second  group  sum  is  given  in  the  next  theorem. 

Theorem  4.7: 


'  i'  **  l 

H-  \  ”  I 


0/fj  Z_  y^'(R\V(s)V'[rR)V^R). 


(4-16) 


Proof :  Consider  the  left-hand  side  of  the  above  expression.  By 

definition,  it  can  be  written  as: 


^ ^ f)  i  U  i  1  ^ 


1 


Grouping  the  3j-symbols  in  pairs,  we  can  express  each  pair  in  terms 
of  representation  matrices  as  in  the  previous  theorem.  We  obtain: 


LM.'  (V)  L  bL(s)bi:s(sl  &L'(0 

<  v 


and 


L.H.i.-- 


( '/fl  L 


bt  ,(  S"R]  b*4„>  (rsi  . 


By  definition  of  the  character  of  an  irreducible  representation 


we  have: 
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L.lU,=  ('/a'-)  Z  h"(S"R)  f(  RS)  . 


Theorem  4.& : 


QoEoDo 


(4-17) 


Proof :  Consider  the  following  expression: 


[*' 

i’  tv 

T>0  J 

As  ' 
r  % 

\ 

t'  4 

“T  '  T  "  1 

Av\  Uj 

<  a  h  .■  it 

M  1’ 

W  *\ 

I.v  Tv, 

u 

I-1  1 

I\i  t.v  j 

\\ 

i 

i'1 

i  it 

Xv-J  In. 

J 

A  It  -  II  V 

Z  )  f'  ^ 

II 

III  . 

(  ]  )\  W  »*.««*  (  ^  ^  >  ^4  (  \\l  J>-  Tn  )^'  (  I  ^  L  0  ^  *4  ^ 

X  (  J  j  l  J,\I  «.)*»*»{**  (  j  J,  Jvhv)^m,"  ^4  (  |  ^  |j  V  *"4  (  j'  J  ■  jv  V  ^  *  *'  t"x 

•»  a  >'  -  \  ^  u  *  "  /  ; "  y  '  A»  -r  "  \  /  /.  "  a  „  _  >«  \ 

h  ^Tv5'^3  *>  1  1  )J  ^  ^  T'->) 


X  (  |  ^3  jj  1- Vv\ 

It  follows  that: 


~ "  ,^u  „ " 

^  , 


T"  J'vja, 

-t-  ^  ^  " 

T  xii  l*o 


j  Klu 

tI  tM  J 

i‘  J' 

t;  t.\  j 

j  t  ^ 

•» 

r  iv  L 13 

1-  Hi)v 

*•'  J 

i“  <> 

i v 

In  T-J 

l  1’  iv 

IV 

Tvj  I  •*•  . 

-  C/3‘)Z1  C;  (Q)  bi6.mC;(si^-l(^ 

V  rt  C  T 


S.tL 

W,V,\A>. 


bLm  t^r«.(Tl  bV^U)  !>W'lv)  bh^rMt^wM 
|)4  -W)  b4i'  ^(.V-)  It-  £>'  f  »«“  (w) , 
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and  using  the  orthogonality  of  the  matrices  this  becomes: 

('/<}*)  L  bi...US“)  blU,  (Qut)  5Uv) 

*  bJi  (  Sxwv)  (TV-') 

-  C4‘)  H  y  ( ^r)  yj‘ ( qut)  yu  cxvnw) 

Q.s;, 

u‘vy  *  VH  swv'l  lh  TV'1)  V  '(W)  . 

We  now  introduce  the  new  variables: 

R  =  V-1T,  R'  =  SQ-1,  R"  =  SUW-1S-1,  P  =  T-1U-1S-1, 
and  obtain: 

(QUT)-1  -  T-1U-1S-1.  SQ-1  =  PR’ 

(SWV)"1  =  V-1T.T-1U-1S-1.  SUW-1S-1  =  RPR" 

(QWTSUV)-1  =  V-1T.(T-1U-1S-1)2.  SUW-1S-1.  SQ-1  =  RP2R"R’  . 


Hence,  we  have: 

h  i «  t  v 
*  P  ^ 


"T»X,^  ix  t  , 


T(V  Tti 
Txj  tiv 


i  f » 

r 


i  I* 

1 15 


<-  IX 


i  i» 

J  ^  i 


Xiv  Txi 

Ta,  ta 


" 


=  (  7 3u)  21  yWimf  U") f‘( pR’)yi( 

<J  o  o  O'  0" 


(iu-i)  2_  f'(PR')yM  P^'RP)  • 

’  W>" 


Q  0  Ei  o  D 


‘  V) 
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Theorem  4.9*. 


A"-  A' 3 

T*  1 1 

r 

b* 

A'i 

*» 

-i-  » 

T^  T, 

A'3  \vi 

i  i  „ 

T-<  Ty 

j  A1'  h  H 

1  T 

T«|  ti 

^  H  A"4 

• 

r.  Tv  _ 

A11 

V2X 

M 

t3  t; 

’ 

A5< 

A,J  A,J 

Tu 

(  A"'1  A13 

T,'  Tj 

j 

■r'  1  '  r  1 
) T’ , 1  i . x  * 


(1/q5)  21  V'v(^  Xt,l(s“R,RJX^(  5RRJ>U|:'i(trseX') 

*  M, 

x  Xj'VrO  V"  ( W-  ((?,)  . 


R|,  ^V,  ^3  . 


(4-18) 


Proof :  By  definition  of  the  6j-symbols,  we  have: 


r  °~  °-  i  *- 

h  )■*  )° 

]  «v  «.  OL. 

T  | 

II 

•  ^ 

i" 

lr 

A  n 

v  > 

A'1 

-Cu  t,‘ 

T j  tv 

J 

Av 

Jr 

Aj“ 

ti  Tv1 

- 

(  A-m  VVM  A"1 

1 

A,x 

J"* 

H 

t"  J" 

C  a  v  1 
)  w  >■*  )■-< 


T,'  t 


'  "3 


T-v'  Tx 


.  A  .  cA  .  (A 
•  cA  A  7  ^ 

)?0  Jvi 


tV  t 


1  -r  I 

T,  Xj 


/CV  .K  «.  \  tv  <v 

(  ja  ^3  )  *'•'  ”'3  ^ 


/  ,/'rArA-  \  V-  4/-  A- 

l  '  "'v  *M 


I  •  C\  .4.  -  *■  T  \  C(  ^  ^  (  >4/-  V  T  \  IL  V- 

X  ^  ^,ia  ^  ^  T  AWh  WN  ^  j1'*  ^  Irw-^ 

*  (  ^  ^')vw^  v»,*Ww\  ^  iv'  ^  ^  ** 


^3 


^  l3v<  ^  n  i'A  Tv'l  *a»5  ^'4  (  $  M  Jn  ^  '4C  T^  ^  '4 


(  ;.' 

'  Ar  ,  V  T  1  ) 

b  T- 1 

|/v  b  "C  V  /  j 

K  l  J 

c  7  C  L  i  Tv  )  c  ^  c  c 

'b  ^  13  A"4  /  mlv  IJ  K  tvj 

‘i*h 

<K  A-  ) 

j  Vl  L  1  1 

^  *>  .  ^  / 
I^V2  ^ 

A  ’’  jM  )  n  '■‘I 

A^i  <4 

^  rj 

/  /»  4r 

l  1  " 

i-  Is  T  ’ 

<w  r!  ■ 

A  ^  b  A-  U 

/  t^ix  tV'l'l  ^"»i 

(i.v 

)  A  * 

)  i4 

^13 

/  <* 

l 

.  d  ^  A  T  i 

i’1  T] 

!  )  ^  <*  ^ 

1  /^-J*/  Wi,3  V^73 

(  c  A.  C  .  C  ^ 

'  )  C 

J  /  ^3v| 

A  C 
r'S-j 

• 
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As  before,  each  pair  can  be  expanded  in  terms  of  the  D  matrices 
and  we  obtain: 


[  b  b 

Ts^l  ‘ 

U**-  h*}""1 

1 

Th  T  * 

b  b  hi 

Tm'  T-j'  ' 

,  /  h^j'3  jo 

i  ^ 

Xi  It 

[  1 VM  j"* 

1}  Tv 

l  b  ^  ^ , 

T,  Tv* 

1 

TX'  Tx 

J 

(  hM  i" 

t:  t;] 

'  *  I 


V, 

t\  o 


(P.l  !)<*£  ( (M  t^vM  ^  M  b!  M 


h 


=  C/qMZL 

M  P,  P  P>J 

Pc-' P*' A  *  -A  I M  ^  ^  UCU'.fM  b*JV  1?  ( Pm) 


bi>:^tpab^,(PA 

x  b£-  (  M  bSUtP,)  (P,|  V4  „ .  ( ft)  bh  k;  <*'  bfe^lM , 


✓w  / 

►"VM 


1  M  ^  Sh 


and  performing  the  multiplications  we  have: 


R.Hl-  ( V)  T  tf:  ,(  P,Pk|  bC*w  (P»Pi"Pf)  W?  -  (  P.Pr  Pi’Pi'  Pm) 

*  4j _  M|v  "x*".  <v'\'i 

’  J*c\  .4  (w bir ,  mv 


Wyt 


=  (l/g»)  Z1  K>(P.PJ  )(i,t(P,P,',Pr))(h(P-ftP«',PJ-,pMjX^(P.PiP»PxP«) 

<  x^dv'a)  raf/'iYU^^rx) . 

We  now  set: 

R=  P,Pv  fV‘  PiPc  ,  R,  "  ^  IV  ^  ,  Rv  =  Pw  Pc  ,  P:  r  ^  ^  N  . 


,  I.  •  ■ 
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It  follows  that: 

p;‘(  tv' 0,1  ft  =  (p;1  Ps"  M  ( (v*  p>'‘  ftl  (ft’1  p,M  *  s"  m*, 
wp*  p,i  (p,p,  p*p,m  (p^f,p»r‘ 

-  (P,"PiPil  (P.Pvl  (Pi "ft M  --  ^sur,  j 

(p,p,r(p/‘  fjp.ft-'1  p,"i(p,fti 

=  (ftp,r  (p;‘p,poi  Pi"p,p^(p«"  p/'Pvi--  rrsM.  s 

and  we  obtain: 

VfPjPi”^  -  Xt1  ( P-."  PrP»)  P,)  -XJ,l(  s'1  MO 

X^(p,pr  p,'pj'tl  -  X*’W  P,f«  Pi  PD  -  r  sm.) , 

(MM-  ^  ei\M, 


so  that: 


\  f  4" H  4^ 

Ts  T, 

t  d'"- j"  i1' 

tn  T I  ’ 

-  f  H  in 

ti  Tv 

1  <d"-iv'  H 

*0  Tl  j 

■x ; ,  t.1 ,  vi,  v; .  ^  r 

T*' 

d 

4"  4"  4^ 

-cl  T  , 

t  iw 

Tv  Tx 

'  v  ^  iv'<  4 ° 

t/  tj  J 

=  ( '/ gr)  21  X^ 111  s“m») 

mU  x  fj"{  R,)  (M  XH(  O  . 

Q.E.b. 


■> 
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We  now  give  a  brief  discussion  of  the  general  significance 
of  the  group  sums.  More  details  can  be  found  in  the  thesis  of 
W.T.  Sharp.  In  the  four  group  sums,  i.e.  theorems  4.6, 4.7, 4. 8 
and  4.9,  the  left-hand  side  is  a  sum  over  all  the  T  variables 
in  the  products  of  the  6j-symbols.  Every  x  variable,  summed  over, 
appears  twice  in  the  product.  Each  triad  also  appears  twice.  On 
the  right-hand  side,  we  have  a  sum  over  the  group  of  products  of 
characters. 

We  know  that  the  6j-symbols  are  invariant  under  an  inner  basis 
transformation.  However,  under  an  outer  transformation  they 
transform  according  to  equ.(4-7).  The  right-hand  sides  of  the 
group  sums  are  certainly  invariant  under  an  outer  (as  well  as  an 
inner)  basis  transformation.  The  left-hand  sides  are  also  invar¬ 
iant  under  an  outer  transformation.  We  show  this  directly  in  the 
following  theorem. 


Theorem  4.10.  The  left-hand  sides  of  the  group  sums  are  invariant 
under  an  outer  transformation. 

Proof:  The  left-hand  sides  of  the  group  sums  are  of  the  form: 


,\K 


1  t,  .  j  (  .  *  • 

TV  • 

t  1  1 

Tv.  * 

T,  • 

t  t  \ 

Ik  • 

1  *  ■  J  (  ' '  • 

l  1 

V 

1  ‘  1 

1  »  • 

»  » 

i 

\l" 

1  1 

t  1  \ 

K  i  ' 

» 

i  • 

J 

This  expression  is  not  strictly  correct  but  it  is  to  be  interpret¬ 
ed  symbolically.  What  is  meant  is  that  each  t  variable  appears 
twice.  In  some  cases,  and  tv  may  be  in  the  same  6j-symbol,  or 
even  the  twot  may  be  in  the  same  6 j- symbol.  However,  this  proof 
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does  not  use  these  facts,  and  it  is  irrelevant  for  this  proof 
where  the  T  1  s  are,  so  long  as  they  occur  in  pairs. 

According  to  equ.(4-7)  we  have,  since  each  x  appears  twice: 


U /;  \  ri  1  Ni  i-  H  M 

all  t 


=  L  L  r-~ : i  i I  ^'-7  hN 

ailt  « II  x '  , 
c  II  X* 

Using  the  orthogonality  of  the  U  matrices  we  obtain: 


R.hx  -  L  I- M  il~] 


ft\l  x' 
a  U  f 


CX  n.  d 


W.1-  L  t  :-.--|V:J  ■  I 


all  x' 


which  completes  the  proof. 

The  right-hand  sides  of  the  group  sums  are  also  independent 
of  the  choice  of  sign  for  the  3 j- symbol.  Clearly,  the  left-hand 
side  is  also  independent  of  this  choice  since  each  triad  appears 
twice.  The  choice  of  sign  is  the  same  for  a  given  triad  (i.e.  for 
a  given  set  of  j’  s,  no  matter  what  the  m’  s  are)  and  therefore  in 
the  group  sums  each  sign  appears  twice,  giving  a  plus. 

It  is  therefore  satisfactory  to  write  these  functions  of  bj- 
symbols  with  the  group  sum  relations  and  ask  whether  this  definition 
is  equivalent  to  that  using  the  3j-symbols.  This  question  cannot 
be  answered  fully  at  this  stage.  We  would  have  to  examine  the 
possibility  of  group  sums  made  up  of  5,6,...  6j-symbols  and  see 
whether  these  are  independent  of  the  four  we  have.  If  they  were 
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not  independent,  one  could  then  use  the  four  group  sums  we  have 
above  and  define  the  6j-symbols  in  terms  of  characters.  As  yet, 
we  do  not  have  a  proof  that  there  is  no  independent  group  sum  with 
more  than  four  6j-symbols  in  the  product.  However,  we  can  suggest 
a  way  to  attack  this  problem. 

In  each  6j-symbol  there  are  four  triads  and  in  a  group  sum 
formula,  if  we  want  invariance  under  an  outer  transformation,  each 
triad  must  appear  twice.  How  this  is  done  in  the  four  group  sums, 
given  in  this  chapter,  can  be  seen  with  the  use  of  diagrams.  In 
these  diagrams,  each  point  corresponds  to  a  6j-symbol  in  the  product 
and  each  line  corresponds  to  a  triad.  A  line  identifies  a  triad 
and  joins  the  two  6j-symbols  (points)  in  which  this  triad  appears. 
Thus,  for  theorem  A. 7  there  is  only  one  point  (one  6j-symbol)  and 
two  pairs  of  triads  so  that  we  obtain  the  diagram  of  figure  (4.5a). 
For  theorem  4.6  we  obtain  figure  (4-5b).  For  theorems  4.6  and  4.9 
we  obtain  the  diagrams  in  figures  (4-5c)  and  (4-5d).  It  is  easily 
seen  that  for  these  cases,  i.e.  for  1,2,3,  and  4  points  ( 6 j-symbols) , 
the  diagrams  are  unique.  In  other  words,  for  a  given  number  of 
points,  if  we  join  the  points  by  lines  such  that  four  lines  meet 
at  any  point,  the  diagram  obtained  is  topologically  the  same  as  the 
one  shown  in  the  figure.  For  five  points  this  is  no  longer  true, 
i.e.  there  are  more  than  one  independent  diagram.  In  fact,  there 
are  five  topologically  different  such  diagrams  and  they  are  shown 
in  figure  (4-6).  Of  course,  here  as  well  as  for  2,3,  and  4  points 
we  do  not  count  the  diagrams  which  can  be  reduced  to  simpler  diagrams 
i.e.  disconnected  diagrams.  In  this  case,  the  product  of  6j-symbols 


* 
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can  be  broken  down  into  simpler  products. 


FIGURE  4.5 


(<m 


it > 


(c) 

FIGURE  4.6 


(O 


One  would  like  to  show  that  there  is  no  group  sum  with  five 
6j-symbols  which  is  independent  of  the  four  group  sums  we  know. 

To  do  this,  one  must  prove  that  it  is  not  possible  to  arrange  the 
j*  s  in  the  five  6j-symbols  such  that  one  of  the  diagrams  of  figure 
(4.6)  is  obtained.  It  would  be  interesting  to  see  a  more  general 
proof,  i.e.  for  a  product  of  more  than  four  6j-symbols  we  cannot 
form  a  new  group  sum. 

The  group  sum  properties  of  the  6j-symbols  are  not  very  well 
known  even  for  simply  reducible  groups.  They  can  be  useful  in 
getting  more  insight  for  the  properties  of  the  6j-symbols. 

We  should  note  here  that  when  each  of  the  t  variables  takes 
on  one  value  only,  the  group  sums  reduce  to  the  expressions  for 
multiplicity  free  groups  ( see  Wigner  or  Sharp) . 


Numerical  Example  Using  a  Group  Sum.  We  shall  now  give  a 
numerical  example  showing  how  the  group  sum  formulae  can  be  used. 
Consider  the  group  (which  is  not  multiplicity  free).  We  consider 
theorem  4.7  with: 


i'  -  (i ^  >  i  -  ^ 


Then  V  runs  over  two  values  and  x  only  has  one  value.  For  Sr 

5 ’ 

the  order  g  is  120  =  51.  Thus,  the  left-hand  side  of  the  group 
sum  of  theorem  4.7  is: 


Y  i  1 


x' t' 
x  x 


(  3p')  (3,1)  (  V1)  t 
U,0)  U^i) 


(3pM  13,0 
tip')  (3,x)  U\0 


1  \ ' 

+  \ 

t3,o  n,»o  ' 

1 ll 

V  \ 

1 

i\i)  u\o 

'  '  1 

On  the  other  hand,  the  right-hand  side  can  be  computed  from  the 
class  multiplication  table  given  below. 


Table  4.1 


Class  Multiplication  Table  For  S5. 


Line  No. 

No.  of 
cases 

Class 
of  R 

1 

Class 
of  S 

Class 
of  SR 

Class 
of  S 1R 

1 

1 

d5) 

d5) 

d5) 

(l5) 

2 

10 

(l5) 

(213) 

(213) 

(213) 

3 

15 

U5) 

(221) 

(221) 

(221) 

4 

20 

U5) 

(312) 

(312) 

(312) 
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Line  No. 

No.  of 
Cases 

Class 
of  R 

Class 
of  S 

Class 
of  SR 

Class 
of  S-1R 

5 

20 

U5) 

(32) 

(32) 

(32) 

6 

30 

(l5) 

(41) 

(41) 

(41) 

7 

24 

(l5) 

(5) 

(5) 

(5) 

8 

10 

(213) 

d5) 

(  213 ) 

( 213 ) 

9 

10 

(213) 

(  213 ) 

(l5) 

d5) 

10 

30 

( 2l3 ) 

(213) 

(221) 

(221) 

11 

60 

(2i3) 

( 213 ) 

( 312) 

(312) 

12 

30 

(213) 

(221) 

(  213 ) 

(  213 ) 

13 

60 

(  2l3) 

(221) 

(32) 

(32) 

14 

60 

(213) 

(221) 

(41) 

(41) 

15 

20 

(213) 

(312) 

(32) 

(32) 

16 

120 

(213) 

(312) 

(41) 

(41) 

17 

60 

( 213 ) 

(312) 

(  213 ) 

( 213 ) 

18 

20 

(213) 

(32) 

(312) 

(312) 

19 

120 

(213) 

(32) 

(5) 

(5) 

20 

60 

(  213 ) 

(32) 

(221) 

(221) 

21 

120 

(  213 ) 

(41) 

(5) 

(5) 

22 

180 

( 213 ) 

(41) 

(312) 

(312) 

23 

120 

( 213 ) 

(5) 

(41) 

(41) 

24 

120 

(213) 

(5) 

(32) 

(32) 

25 

15 

(221) 

d5) 

(221) 

(221) 

26 

30 

(221) 

( 2l3) 

( 213 ) 

(  213 ) 

27 

60 

(221) 

(  213 ) 

(32) 

(32) 

1  ' 

28 

60 

(221) 

( 213 ) 

(41) 

(41) 

• 
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Line  No. 

No .  of 
Cases 

Class 
of  R 

Class 
of  3 

Class 
of  SR 

Class 
of  S“1R 

29 

15 

(221) 

(221) 

U5) 

d5) 

30 

30 

(221) 

(221) 

(221) 

(221) 

31 

60 

(221) 

(221) 

(312) 

( 312) 

32 

120 

(221) 

(221) 

(5) 

(5) 

33 

120 

(221) 

(312) 

(312) 

(312) 

34 

120 

(221) 

(312) 

(5) 

(5) 

35 

60 

(221) 

(312) 

(221) 

(221) 

36 

60 

(221) 

(32) 

(  213 ) 

( 213 ) 

37 

120 

(221) 

(32) 

(32) 

(32) 

3B 

120 

(221) 

(32) 

(41) 

(41) 

39 

90 

(221) 

(41) 

(213) 

(  213 ) 

40 

240 

(221) 

(41) 

(41) 

(41) 

41 

120 

(221) 

(41) 

(32) 

(32) 

42 

120 

(221) 

(5) 

(312) 

(312) 

43 

120 

(221) 

(5) 

(221) 

(221) 

44 

120 

(221) 

(5) 

(5) 

(5) 

45 

20 

(312) 

(213) 

(32) 

(32) 

46 

60 

(312)  ■ 

(213) 

(213) 

( 213 ) 

47 

120 

(312) 

(213) 

(41) 

(41) 

48 

60 

( 31 2 ) 

(221) 

(221) 

(221) 

49 

120 

(312) 

(221) 

( 3 12 ) 

( 312) 

50 

120 

(312) 

(221) 

(5) 

(5) 

51 

20 

(3l2) 

(312) 

(3D 

(l5) 

52 

20 

(312) 

(312) 

(I?) 

(31) 

53 

120 

(312) 

(312) 

(5) 

(5) 
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Line  No. 

No .  of 
Cases 

Class 
of  R 

Class 
of  S 

Class 
of  SR 

Class 
of  S 1R 

78  ' 

20 

(32) 

( 31 2 ) 

( 213 ) 

(32) 

79 

20 

(32) 

(312) 

(32) 

(  213 ) 

80 

120 

(32) 

(312) 

(41) 

(41) 

81 

120 

(32) 

(312) 

(32) 

(41) 

82 

120 

(32) 

(312) 

(41) 

(32) 

83 

20 

(32) 

(32) 

U5) 

(312) 

84 

20 

(32) 

(32) 

(312) 

(l5) 

85 

240 

(32) 

(32) 

(221) 

(221) 

86 

120 

(32) 

(32) 

(312) 

(312) 

87 

120 

(32) 

(41) 

(221) 

( 3 12 ) 

88 

120 

(32) 

(41) 

(312) 

(221) 

89 

80 

(32) 

(41) 

(312) 

(312) 

90 

80 

(32) 

(41) 

(5) 

(312) 

91 

80 

(32) 

(41) 

(312) 

(5) 

92 

120 

(32) 

(41) 

(5) 

(5) 

93 

120 

(32) 

(5) 

(41) 

(213) 

94 

120 

(32) 

(5) 

(213) 

(41) 

95 

120 

(32) 

(5) 

(32) 

(41) 

96 

120 

(32) 

(5) 

(41) 

(32) 

97 

30 

(41) 

U5) 

(41) 

(41) 

98 

120 

(41) 

(213) 

(5) 

(5) 

99 

180 

(41) 

( 21 3 ) 

(312) 

(312) 

100 

90 

(41) 

(221) 

(213) 

( 213 ) 

101 

240 

(41) 

(221) 

(41) 

(41) 

102 

120 

(41) 

(221) 

(32) 

(32) 

. 

• 
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Line  No. 

No .  of 
Cases 

Class 
of  R 

Class 
of  S 

Class 
of  SR 

Class 
of  S^R 

103 

120 

(41) 

( 31 2 ) 

(41) 

(  213 ) 

104 

120 

(41) 

(312) 

(2l3) 

(41) 

105 

ISO 

(41) 

(312) 

(32) 

(41) 

106 

ISO 

(41) 

(312) 

(41) 

(32) 

107 

120 

(41) 

(32) 

(221) 

( 3 12 ) 

108 

120 

(41) 

(32) 

(312) 

(221) 

109 

80 

(41) 

(32) 

(312) 

(312) 

110 

80 

(41) 

(32) 

(5) 

(312) 

111 

80 

(41) 

(32) 

(312) 

(5) 

112 

120 

(41) 

(32) 

(5) 

(5) 

113 

30 

(41) 

(41) 

(221) 

(l5) 

114 

30 

(41) 

(41) 

d5) 

(221) 

115 

120 

(41) 

(41) 

(312) 

(312) 

116 

120 

(41) 

(41) 

(5) 

(3l2) 

117 

120 

(41) 

(41) 

(312) 

(5) 

118 

240 

(41) 

(41) 

(5) 

(221) 

119 

240 

(41) 

(41) 

( 221 ) 

(5) 

120 

240 

(41) 

(5) 

(41) 

(41) 

121 

120 

(41) 

(5) 

(32) 

(213) 

122 

120 

(41) 

(5) 

(  21 3  ) 

(32) 

123 

120 

(41) 

(5) 

(41) 

(32) 

124 

120 

(41) 

(5) 

(32) 

(41) 

125 

24 

(5) 

U5) 

(5) 

(5) 

126 

120 

(5) 

(213) 

(4D 

(41) 

Line  No. 

No.  of 
Cases 

Class 
of  R 

Class 
of  S 

Class 
of  SR 

Class 
of  S 1R 

127 

120 

(5) 

( 213 ) 

(32) 

(32) 

128 

120 

(5) 

(221) 

(312) 

(312) 

129 

120 

(5) 

(221) 

(221) 

(221) 

130 

120 

(5) 

(221) 

(5) 

(5) 

131 

120 

(5) 

(312) 

(5) 

(221) 

132 

120 

(5) 

(312) 

(221) 

(5) 

133 

120 

(5) 

(312) 

(5) 

( 31 2 ) 

134 

120 

(5) 

(312) 

(312) 

(5) 

135 

120 

(5) 

(32) 

(41) 

(  213 ) 

136 

120 

(5) 

(32) 

(213) 

(41) 

137 

120 

(5) 

(32) 

(32) 

(41) 

138 

120 

(5) 

(32) 

(41) 

(32) 

139 

240 

(5) 

(41) 

(41) 

(41) 

140 

120 

(5) 

(41) 

(32) 

( 213 ) 

141 

120 

(5) 

(41) 

(213) 

(32) 

142 

120 

(5) 

(41) 

(41) 

(32) 

143 

120 

(5) 

(41) 

(32) 

(41) 

144 

24 

(5) 

(5) 

(l5) 

(5) 

145 

24 

(5) 

(5) 

(5) 

(l5) 

146 

48 

(5) 

(5) 

(5) 

(5) 

147 

120 

(5) 

(5) 

(312) 

(221) 

148 

120 

(5) 

(5) 

(221) 

(312) 

149 

120 

(5) 

(5) 

(5) 

(312) 

150 

120 

(5) 

(5) 

(312) 

(5) 
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The  standard  table  of  character  for  is 


shown  below. 


Table  4.2 


Character  Table  For  S5. 


\  No.ftJ 

1 

10 

20 

15 

30 

20 

24 

\  c 

\  1 

\  ^ 

U5) 

(13,2) 

(12,3) 

( 1, 22) 

(1,4) 

(2,3) 

(5) 

(5) 

1 

1 

1 

1 

1 

1 

1 

(4,1) 

4 

2 

1 

0 

0 

-1 

-1 

(3,2) 

5 

1 

-1 

1 

-1 

1 

0 

( 3 ,  l2 ) 

6 

0 

0 

-2 

0 

0 

1 

( 22 , 1 ) 

5 

-1 

-1 

1 

1 

-1 

0 

(2,13) 

4 

-2 

1 

0 

0 

1 

-1 

(I5) 

1 

-1 

1 

1 

-1 

-1 

1 

The  right-hand  side  of  theorem  4.7  is: 


o/,20)iz: 


(3,'M 


R,s 


Only  a  few  terms  under  the  summation  will  contribute;  i.e. 
those  for  which  none  of  the  four  factors  vanishes.  These  terms 
are  shown  in  table  4.3. 


Table  4.3 


(_int  No, 

w 

y.  w 

f"  ( s) 

X  (SR) 

■K. 

_ _ ^ 

P  V'OtWc'i 

IT 

NA/TT 

1 

1 

6 

5 

6 

5 

900 

900 

3 

15 

6 

1 

-2 

1 

-12 

-180 

25 

15 

-2 

5 

-2 

1 

20 

300 

29 

15 

-2 

1 

6 

5 

-60 

-900 

30 

30 

-2 

1 

-2 

1 

4 

120 

35 

60 

-2 

-1 

-2 

1 

-4 

-240 

129 

120 

1 

1 

-2 

1 

-2 

-240 

131 

120 

1 

-1 

1 

1 

-1 

-120 

133 

120 

1 

-1 

1 

-1 

1 

120 

Thus,  the  right-hand  side  of  theorem  4.7  for  this  case  is: 


[1/(120)2]( -240)  =  -  1/60. 
It  follows  that: 


f  ( U.O  (  VM 


-b 


'  Cbj*')  (\l'l  tV') 
L\,\%) 


x.  1 


We  have  thus  obtained  a  numerical  value  for  the  sum  of  two 
6 j-symbols .  These  differ  only  in  the  t  variable.  The  actual 
value  of  each  of  the  two  6j-symbols  depends  on  the  choice  of 
basis  since  each  one  is  determined  only  up  to  an  outer  basis 

By  a  suitable  choice  of  basis,  any  one  of  the  two 


transformation . 


could  be  made  to  vanish  *  However,  as  mentioned  in  the  previous 
section  the  sum  of  the  two  is  invariant., 


6,i-Symbol  Containing  the  Identity  Representation.  We  shall  now 
consider  another  special  case,  Let  the  group  G  be  ambivalent 
and  let  it  have  only  integer  representations  and  consider  the 
following  6j-symbol: 

f  i'  1  °  ".)  > 

h  t  1  •* 


where  0  represents  the  identity  representation.  The  identity 
representation  is  contained  at  most  once  in  the  product  of  any 
two  irreducible  representations.  By  definition: 


Using  equ.(2-44)  we  have  that 


h'  i-  ol) 


W  ,  •'V*  v  \ 


Hence : 


0 

\  \ 

i'-  k 

4  k 


(  I  *  \ i  ^  J  1  ^ 


W,  M,  ,  W\ 


^ ^  ^ u i i  ^ x  )^vkv'< 
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and  using  the  symmetry  properties  of  the  3j-symbols  we  obtain: 


w’  o 


_  ^  I 


■  4*'  “W  ^ t 


J-'j'-  1 


"^3  ^  I  j  \  j  ^  )  W  ,  V*'  v 


'J’W 


Using  the  orthogonality  of  the  3j-symbols  this  becomes: 


*•  >.  ° 
H;  i 


n1 


b'V  "» 


-L  tftt'  -Pc  l  \  t1] 
n ; 


Hence : 

J'  Jh*'  0 

i'1 


1  -(<  L  )><M  1  J  • 


i  i 


T  t 


=  htj.j'j'0 


K 


vAr 


(4' 


In  this  chapter,  we  have  studied  the  properties  of  the 
6j-symbols  for  ambivalent  groups  with  integer  representations .  We 
have  seen  that  the  usual  properties  for  the  6j-symbols  for  simply 
reducible  groups  have  their  equivalent  properties  for  groups 
which  are  not  multiplicity  free.  In  many  cases,  sums  over  the  "C 
variables  are  involved.  For  the  symmetry  relations,  we  must  be 
careful  in  dealing  with  a  6j-symbol  which  contains  two  equal 
representations.  In  some  of  these  cases,  exchanging  triads  in 
the  6j-symbol  can  change  its  sign  (at  most).  For  the  symmetric 
group  there  is  an  additional  symmetry  from  conjugating  the  repre¬ 
sentations  of  two  columns  in  the  6j-symbol.  Here,  one  must  be 
careful  for  selfconjugate  representations  which  in  some  cases  can 


22 


introduce  a  change  of  sign.  As  before,  these  symmetries  can 
introduce  at  most  a  sign  change „ 


We  have  also  seen 
are  invariant  under  an 
are  only  defined  up  to 


that  the  6j-symbols  are  real  and  that 
inner  basis  transformation.  However, 
an  outer  basis  transformation. 


they 

they 


-$9” 


CHAPTER  5 

Conclusion  and  Outlook. 

In  physical  application,  we  are  often  concerned  with  the 
evaluation  of  tensor  operators  between  two  states.  The  concept 
of  an  irreducible  tensor  operator  was  introduced  by  Racah-L  for 
the  rotation  group.  Later  Racah^  generalized  this  concept  to  that 
of  an  irreducible  tensor  operator  for  any  group.  In  1958,  Foster^5 
generalized  the  Wigner-Eckart  theorem  to  groups  other  than  the 
rotation  group. 

M 

For  a  group  G  a  set  of  operators  Qi  (i  =  1,2,3,...)  are  said 
to  be  irreducible  tensor  operators  if  they  transform  like  the 
basis  vectors  of  the  irreducible  representation  //  of  G,  i.e.: 


D(R)  D_1(R)  =  Z.  Qj  (R)  .  (5-1) 

The  Wigner-Eckart  theorem  for  groups  which  are  not  necessarily 
multiplicity  free  becomes: 


(^.iKru^x 


T*l 


r  <h  t  /* 

sJ  ^  I  i 


(5-2) 


where  the  "reduced  matrix  elements"  ^oM'i  ||  ||  are  independent 

of  m^,  m2,  and  i.  The  letter  stands  for  all  quantum  numbers 
other  than  j  and  m  which  may  be  required  to  describe  the  state. 

The  proof  of  equ.(5-2)  can  be  found  in  the  appendix  on  group  theory 
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/  9 

of  the  book  of  Messiah  T,Mecanique  quantiquerT  .  The  difference 
between  equ.(5-2)  and  the  ordinary  Wigner-Eckart  theorem  is  in 
the  sum  overt  .  In  equ.(5-2),  we  see  that  there  are  C(M 
reduced  matrix  elements  for  each  set  of  ,  j and  jq.  Clearly, 
for  groups  which  are  not  multiplicity  free  the  calculation  of 
matrix  elements  can  be  much  more  involved. 

L.  Cohen'*'*"1  has  already  made  use  of  the  3j-symbols  (which  he 
calls  coupling  coefficients)  for  the  group  S &  .  We  have  seen 
that  is  not  multiplicity  free.  He  has  constructed  wave 
functions  for  Li6  in  a  fairly  general  way.  In  the  discussion, 
he  mentions  that  he  has  evaluated  some  matrix  elements.  He  ends 
the  paper  by  writing:  "The  most  lengthy  part  of  the  calculation 
is  that  which  involves  summation  over  products  of  the  coupling 
coefficients  of  the  symmetric  group. tf  It  seems  natural  to  believe 
that  what  Cohen  refers  to  is  simply  our  6j-symbols.  We  think 
that  it  would  be  preposterous  to  believe  that  the  6j-symbols  for 
Sn  will  become  as  important  in  theoretical  physics  as  those  for 
R^.  However,  there  are  indications  which  suggest  that  they  are 
of  interest  for  applications  to  nuclear  physics.  We  have  mentioned 
the  paper  of  Cohen,  but  also  the  fact  that  equ.(5-2)  can  be  found 
as  a  theorem  in  a  standard  textbook^  indicates  the  interest  for 
groups  which  are  not  multiplicity  free. 

Another  less  obvious  result  of  this  study  is  that  it  can  give 
us  more  insight  into  the  fundamental  nature  of  some  of  the  proper¬ 
ties  of  the  6 j-symbols  for  simply  reducible  groups. 
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APPENDIX 


li/hen  two  numbers  follow  an  equation,  the  first  one  is  the 
number  assigned  in  the  book  of  Hamermesh.  The  unprimed  numbers 
refer  to  equations  as  found  in  Hamermesh „  The  primed  numbers 
indicate  the  notation  of  Sharp  is  used.  Thus,  (Al)  and  (Al)* 
refer  to  the  same  equation  written  in  the  notations  of  Hamermesh 
and  Sharp  respectively. 


v? 


D*;  (R]  bhUiV)  5 


XT  a  ^  k  XT>  /aO 


‘1 . .  ’  -  * 

v> 


K  A  u  .  N  <r  A  L 
Os's  (fO  Js'  ■ 


b?v  (M  z  tAH  Ub  (  a* j x iA • 


("I  -  1  8>b  ^  j  C  A  l) 
(Ad 


5 


XT  A  /a 


1 


t  ^ 


5 


e  t  (.  ^  j 

i  i  v. 


(r  £  XXTtr  ‘ 


*  *  1  »- 
Ox  (/A'JAXAhki  (  /A  V  £  x  «•  liC 


(1-  158  )  ,  ( A  2  ) 
<r  A2 ) ' 


ZL  s 


XTx 


X  T  A  (~  X  T  A  ^ 

4  ^  1  i' 


/k.l' 


A  A  (  M  ^  {,  (  A  XA^'k'  >1  - 

^A 


fe. 


(n  *  I  %8  <0  ;  (Aid 


(M-l 1 


c  x'  t'v  >»  ^  K/a* 


* 


V 


BT.ro &!,.«■  l  ?y  :i  t. ?,’c «■>  s‘; 


N  XT  a 

bi't  cw 

^A>‘ 

£t>  tV  ,  n 

b\.V  (Rl 

<Tt A  T  A*  ^  , 

-A”1  >  »-*  v> 

n -  iv) , 

’  5  i*  ' 

(A  S') 


^(^>1  ^  ir 

1  Aj  v  A 


sf  rvA  (^VVCaW  IX^s<-li'CMV’XTA'i-,J  ' 


(  A  A) 


;  - ,  >k 
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bt  (Rl  S'V'ly 


J 


s 


^  /  /A  v^ 

t  c  W. 


(1-  \=\  l')  ('AS') 


bt*  M  b^tO  btj  (^nt  A^iS  *  (/A^I^.kt 


(  A5  ) 


L  buUH^O  bki  HO  ■-  ^/a>,Z  ST  S*  5T‘ 

J  tb  *<,  (  h>  t  j  (  ^  ^  k.A  ^  =  C^  2L  (/^AO^'let  (ylWAtA^fls 


R 


(1- 1  °\~l)  j  (AC) 
(AC) 


(ml  ist: 

•CA 

1. 

L  (*>>>*>)  unt 

Tx 


^  5 


A**  ^  »A 
*- 


S  l  A 


(77  S 


>T  X  /* 

S  >  * 


^  U  (  l/  )/^"  [ 

~t7*  ^ 

A  vA  1 1  , 

i  J  =  e  +  C‘ 

Ci  -  \ *  CAl) 

T  M 

e+  c , 

( AlV 

\ -  C  A“C>  X  ^ 

n)  J  ^  5  A 

(1-U5),  (*x) 

C  Xv;/Arx')i/^ 

(  A1? )  ' 

- -  /*  X 

\)  n  \  J  X  ^5 

(l'lo5«t)y  (A#*) 

(  //lO  t>^Af  *  (  J** 


(  A?0 


XT  A  f*  1 

s  * x 

/A  I A  V  ^ 

i  5  ' 

7  T  x  A 
x  i  5 


s 


X*  X  ^  M 


s  x  * 

c  mt  x  ^  X 

s  ^  i  s 

c  9  T  x  >  A 
j  X 


* 


s 


(l-l05b)  j  (  A8  ^ 


There  seems  to  be  a  misprint  in  the  book  of  Hamermesho 
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(  \  i?  ^  ^ i =  (  </  A  A<  O  )  is  ^ 

(  ^  W  js-(  = 

In  equations  (  AB ) ,  (ABa),  and  (ABb)  it  is  assumed  that  ^  i  +  W  ^  • 
When  two  irreducible  representations  are  equal,  we  have: 

l  r  Xx  >  ^  ^ 

frTx  ^  s  i  A 


/A  X  X  a)  s  "  £r  x  (  M  M  X  T  s  - 

(  -  (p  ^u'ljsj 

-  5x x  (  X  ^  °)5 ^  i  = 

^  X  X  (./A.V  A''  j  J2. 

(  AM 

\ 

<^x 

57 

/A  // 

•*  1 

1  ( 

-  />T  >  X  A» 

^  i  s*  '' 

1  < 

r-  ylA  T  ^  A 

^  i-  A  s 

1  _ 

f?V 

^tx  ! 

^  A*  x  X 

J  X 

X  a* 

.  j_ 

f?v 

s  r  Zs 

Sr>  J  x 

/*  > 

J 5 

(T-2fltt)  j  f  aM 

Finally,  when  the  three  irreducible  representations  are  the 
same,  we  have: 


<r  XT  >  V  h 
^  S  d  X 


M  s 


XI  V  v  > 


=  S  ■ 


xx>  W 


x  % 


£  XX 

r. 


^  XX  x  >  > 

^  i  V 


XX  ^  l 


b  *  X 

x  XX  x  > 


i s 


iti  ^  j  t  j  (.•>•■>•  o  Hi  V* 


(xxx^ju  -  ^r>  (^xx-ohj*  t  £t»  (xxx^hi j 


/V  i  0^ 


=  £T/  ixx  (  >XA ^ x s ^  f  XX  £  T  ,\  ( XM  . 
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When  the  fact  that  £ta  =  <>ta  is  used,  (A10)’  can  be  written: 

(  A  X  X  T  ^  s  =  <5tx  l  XTA)^  ^  (  >XX a) 

-  (>>xn)«n  = 


(  Alo-V 


'  ,  ‘  .  i-  ,  *  ?  ,  .  (^  (  '  *  ) 
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